
Fitted Q-iteration and Functional Networks for Ubiquitous
Recommender Systems

Matteo Gaeta(1), Francesco Orciuoli(2), Luigi Rarità(3), Stefania Tomasiello(1,3),
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Abstract

Ubiquitous recommender systems facilitate users on–location by personalized rec-
ommendations of items in the proximity via mobile devices. Due to a high variability
of situations and preferences, an e!cient resource processing is needed in order to
assist the user in a proper way. In this paper, we consider a recommender system,
able to learn preferences/habits of users through contextual information, such as lo-
cation and time, using a new o"ine model–free approximate Q–iteration. Following
the basic idea of Fitted Q–iteration, the paper focuses on a computational scheme,
based on Functional Networks and that, unlike the well–known neural ones, does not
require a large number of training samples. A preliminary case study, which deals
with a shopping mall, is useful to show the approximation capabilities of the proposed
approach.

Keywords: Q–learning, Functional Networks, ubiquitous context, recommender sys-
tems

1 Introduction

Recommender Systems (RSs) are able to provide people with useful information for suit-
able purposes [1]. A limit of traditional RSs is that the available information is not all
used to generate recommendations. Context–Aware Recommender Systems use contex-
tual parameters in the recommendation processes to provide better results to users [2]–[4].
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In these cases, knowledge about the environment has to be learned to avoid unwhished
recommendations which could disturb the user in certain critical situations.

An important issue is how to obtain contextual information, related to the user, the
computing system, the environment and the various interactions between the user and the
system [5]. Due to the progress of mobile phone technologies, ubiquitous RS represent a
possible answer to provide users with more personalized and context–aware recommenda-
tions on location, with emphasis on various types of contexts.

In [6] a new class of ubiquitous RSs, i.e. Ubiquitous Context–Aware Recommender
Systems, is introduced. It represents a subset of Ubiquitous Recommender Systems via
fusion of the usual contextual information with the one available via mobile devices, such
as location.

In mobile RSs for indoor shopping, a simple rule–based recommendation algorithm is
useful, e.g. to recommend certain brand stores to users, as a limited number of stores in
a shopping mall are considered [7].

In outdoor environments, where more stores have to be considered, an agent based
approach is used [8], even if the users’ preferences are ignored and only products with
lowest prices are recommended.

In these papers, the key elements for an unambiguously communication with the user
are not exploited.

In conversational RSs, modeling the user interaction as a Markov Decision Process and
employing Reinforcement Learning (RL) to learn the optimal policy (to respond the user
actions) seems to be usual, also to facilitate an unambiguous communication[9]–[11].

In RL the learner interacts with its environment and receives reinforcements for its
actions [12]. The optimal actions are the ones which maximize the expected cumulative
reinforcement that the learner receives in the long run (by the end of the interaction).

A popular RL algorithm is Q–learning, which uses an action–value model, creating a
function to deal with di#erent states; it is conceived to determine the optimal policy in a
step–by–step manner [13].

Recently, Q–learning has been used for web RSs in order to address the problem of
information overload on the Internet, by directing users toward the resources that best
meet their needs and interests [14].

For finite and small enough state and action spaces, the Q–function is represented
in tabular form, so its approximation (in batch and in on–line mode) and the derived
control policy are straightforward. This approach is not used for cases of continuous or
large discrete state and/or action spaces. Besides, an approximation of the Q–function all
over the state–action space has to be derived from finite and generally very sparse sets of
four–tuples (state, action, immediate reward, successor state).

In order to respond to these issues, the Fitted Q–iteration (FQI) algorithm is proposed
[15]. FQI is a batch mode RL algorithm which yields an approximation of the Q–function
corresponding to an infinite horizon optimal control problem with discounted rewards, by
iteratively extending the optimization horizon. At the first iteration the FQI algorithm
uses the training set, with inputs as the state-action pairs and outputs as the observed
rewards, with the aim of producing an approximation of the expected reward. In the
subsequent iterations, only the output values are updated using the value of Q–function
produced at the preceding step and information about the reward and the successor state
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reached in each tuple. Since all updates are done o"ine, approximating the Q–function is
a separate, supervised learning problem. The question arises if there are function approx-
imators especially suited for o"ine updating.

In [15] tree based regression methods are examined, whereas in [16] the use of multilayer–
perceptrons is proposed. All these methods are model–free, i.e. only the transition tuples
(state, action, immediate reward, successor state) need to be known.

In this paper another model–free approach is proposed, which has the main advantage
of requiring few training samples. Our method combines FQI with Functional Networks
(FNs), introduced by Castillo [17] to provide a new powerful alternative to Artificial
Neural Networks (ANNs). The main feature of a FN is in the activation functions which
are unknown multivariate ones from given families to be estimated during the learning
process (in ANNs the neural functions are univariate and the weights have to be learned).
Hence, arbitrary functional models are defined. It has been shown that every problem,
which can be solved by an ANN, can also be formulated by a FN; the problems, which
cannot be solved by an ANN, can be formulated by a FN [18].

The approach herein discussed has been successfully used to solve some continuous
control problems [19].

Here we apply the proposed method for the first time to a problem in a discrete
domain, i.e. an ubiquitous RS for products and services (such as restaurants), that is
able, in addition to respond unambiguously to user’s initiatives, to recommend items in
the user’s proximity and services at a certain time, while the user is in a shopping mall.

The method is suitable to disambiguate user’s requests, since this enlarges the space
of actions. Besides, it allows to learn the user’s preference. In fact, based on the results,
the context information is enriched by collecting data such as the items the user brings in
each visit, the day and time of each purchase, in which kind of restaurant, day and time
he/she eats, and so on.

The good performance of our method with a relatively small number of training samples
is shown.

The paper is organized as follows. Section 2 provides a literature review on FQI
and FNs. Section 3 introduces the proposed method. Section 4 is devoted to numerical
examples. The paper ends with conclusions in Section 5.

2 Literature review

This section presents a literature review about the Fitted Q–iteration and Functional
Networks.

2.1 Fitted Q–iteration

The Fitted Q–Iteration (FQI) derives from the pioneering work by Ormoneit and Sen
[22], who combine the idea of fitted value iteration [23] with kernel based reinforcement
learning. Hence, the Q–function determination problem is reformulated in terms of a
sequence of kernel–based regression problems.

FQI is introduced by Ernst et al. [15] in order to fit an approximation procedure (of
parametric or non–parametric type) for the Q–function, using a set of four–tuples. In their
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numerical experiments, the authors refer to tree–based algorithms. The identity function
to the output is a special case that leads to FQI combined with basis functions, focusing
on piecewise linear approximations.

For each step the algorithm uses either the function computed at the previous step
or the full set of four–tuples obtained from the observation of the system. This allows
determining a new training set which is useful to obtain the next function of the sequence
via a supervised learning (regression) method. Hence, a sequence of QN–functions, which
converges under suitable assumptions, is obtained.

Antonos et al. [24] propose a variant of FQI, where the greedy action selection is
replaced by the search for a policy (within a restricted set of possible policies) through a
maximization of the average action values.

For the case of continuous action spaces, Neumann and Peters [20] adapt FQI through
a soft-greedy action selection.

Riedmiller [16] propose the Neural Fitted Q–Iteration (NFQ), by combining FQI with
the neural networks approximator. The author uses the Rprop [25] algorithm for the super-
vised learning, since it is either fast or insensitive to the choice of the learning parameters.
However, results on convergence are still unproved.

Timmer and Riedmiller [26] combine the FQI algorithm and the CMAC function in
order to achieve a new powerful approximator to solve the problem of a relatively small
set of sampled state transitions.

2.2 Functional networks

Functional Networks (FNs) are generalized ANNs with new features, such as a good com-
putational power and estimation of parameters via linear systems of equations. Due to
the presence of neural functions, the global minimum is obtained in few steps and learning
does not require a large data set.

The described benefits are confirmed by various applications in di#erent fields. For
instance, Elsebakhy apply successfully FNs to predict the software development e#ort [35].

Iglesias et al. [36] show that FNs provide better results than ANNs as for the prediction
of catches of some fish species, with data proceeding from remote sensors. Bruen et al. [37]
use FNs to forecast cases of real-time flood. In particular, through a suitable comparison
between results achieved by FNs and ANNs, they analyze the ability of FNs to predict
flows for short lead-times with less computational cost. Tomasiello [38] uses FNs to foresee
fresh and hardened properties of self–compacting concretes, proving that FNs give good
results with a low computational cost even when a small data set is used. In this case,
obvious comparisons are also done for ANNs.

Rajasekaran et al. [39] consider the approach by Castillo et al. [40], which combines
FNs and finite di#erences to predict the tidal level. Acampora et al. [34] propose an
extended version of this approach for a gas sensing system.

Hybrid schemes also refer to FNs with the aim of improving support vector machines
and fuzzy logic systems [41]. Sanchez-Marono and Alonso-Betanzos [27] analyze a scheme,
that combines Analysis of Variance and FNs, in order to obtain a more e!cient feature
extraction, as shown by some binary classification problems. Pruneda et al. [28], Zhou
et al. [29] and Lacruz et al. [30] discuss some possible applications of FNs in two-class
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classification. In particular, Lacruz et al. [30] prove that, when the logistic function is
adopted, logistic regression techniques are equivalent to the classification procedure by
FNs.

FNs are also used in some multi–class classification problems, i.e. to classify computer
intrusions [31], as well as thalassemic patients [32] or rock types [33]. A generalized version
of FNs for a gas classification problem is proposed in [42].

3 The proposed approach

In what follows, we provide a general overview of the proposed approach. Precisely, the
idea of the FQI is combined with FNs, giving a computational scheme named FQI–FN.

First, the Fitted Q-Iteration (FQI) and Functional Networks (FNs) are described.
Then, the FQI-FN scheme is presented.

3.1 Fitted Q–iteration

Consider a system with discrete–time dynamics, described by a state space X and an
action space U , defined through:

xt+1 = f (xt, ut) , t = 0, 1, . . .

being t the discrete time step and xt ! X, ut ! U . Assume that to a transition from t to
t+1 is associated an instantaneous reward signal rt = r (xt, ut), being r a bounded reward
function. The actions are selected according to a policy ! : x ! X " !(.|x) ! P (U),
representing P (U) the transition probabilities.

A way to choose the first action to be applied is provided by the state-action value (or
Q-) function. It is defined as the expected cumulative reward starting in a state x, taking
an action u and following the policy !:

Q!(x, u) = E!["t|xt = x, ut = u] = E![
!!

k=0

#krt+k|xt = x, ut = u] (1)

where 0 # # # 1 is a discount factor that weights short-term rewards more than
long-term ones.

The optimal state-action value function Q" satisfies the Bellman equation:

Q"(x, u) = E#[rt + #max
u$U

Q"(xt+1, ut+1)] (2)

denoting E# the expected value.
The Q-value iteration is a recursive method for computing an optimal policy and its

value. It starts from an arbitrary value, by refining an estimate of Q".
For high dimensional states, the Q-value iteration is not feasible in practice, and it is

better working with an approximation of the Q-function.
This consideration motivated the Fitted Q-Iteration.
Fix a temporal horizon of N steps, and indicate by:

!N (t, x) ! U , t ! {0, ..., N $ 1} , x ! X
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a N -step control policy (i.e., ut = !N (t, xt)), and by:

J!N
N (x) = E#

t=0,1,...,N%1

"
N%1!

t=0

# r (xt,!N (t, x)) |x0 = x

#

the expected return of !N (t, x) over N steps. An N–step optimal policy !"
N is a (not

necessarily unique) policy that maximizes J!
N for any x.

The FQI algorithm gives a sequence of QN functions defined on X % U by

Q0(x, u) = 0 (3)

QN (x, u) = (HQN%1)(x, u), &N > 0 (4)

where H is an operator mapping any function K : X % U " '. It is possible to show
that the sequence of QN functions converges to the solution of the Bellman equation 2 (an
exaustive presentation is in [15]).

The sequences:

!"
N (0, x) = argmax

u!$U
QN (x, u#), & N > 0,

!"
N (t, x) = !"

N%1(t$ 1, x), & N > 1, t ! {0, . . . , N $ 2}

are N–step optimal policies with expected returns over N steps given by:

J
!"
N

N (x) = max
u$U

QN (x, u).

The sequences:

!"
N (0, x) = argmax

u!$U
QN (x, u#), & N > 0,

!"
N (t, x) = !"

N%1(t$ 1, x), & N > 1, t ! {0, . . . , N $ 2}

are N–step optimal policies with expected returns over N steps given by:

J
!"
N

N (x) = max
u$U

QN (x, u).

3.2 Functional Networks

A FN is a structure that consists of the following elements:

• a layer of input units for the input signals;

• a layer of output units for the output data;

• one or more layers of inner neurons, useful to evaluate the input signals from the
previous layers and provide the output signals to the next layer by appropriate
functions.
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Figure 1: A Functional Network

Figure 1 shows an additive functional network with p input variables x1, x2, . . . , xp
and an output variable y. The various functions f1, f2, . . . , fp are approximated through
a basis $k, which satisfies the relation:

fk(xk) = $T
k ak, k = 1, 2, . . . , p, (5)

where: ak is a vector of m + 1 unknown coe!cients, where m represents the chosen
approximation order; $k is usually chosen considering some function groups, such as:

• a polynomial family, i.e. $T
k = (1, xk, x2k, . . . , x

m
k );

• a cosine family, namely $T
k = (1, cosxk, cos 2xk, . . . , cosmxk).

Possible hybrid choices for $k are simply obtained via combinations of di#erent function
families.

From relation (5), the output y is computed as:

F (y) =
p!

i=1

fi(xi),

where a suitable linear approximation is used.
The Lagrange multipliers method, solved using standard algorithms ([43]), is useful

to get the unknown coe!cients and ensure the uniqueness of the solution. This method
is not suitable when F (y) is not invertible, hence a nonlinear least-square algorithm is
needed. Indeed, in this case the existence of a single optimal value is not guaranteed, so
a minmax method is usually used, see [44], to overcome this drawback. The idea of the
method is to minimize the maximum absolute error between predicted and observed values.
The learning method leads to a linear programming problem and the global optimum is
obtained in a finite number of iterations.
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3.3 The FQI–FN scheme

The proposed scheme is constructed assuming F as the identity function with auxiliary
condition $T

10a1 = %, where $10 = $1 (x0) and % is a threshold value.
Define the quantities:

• $0: vector with null elements except the first m+ 1 ones, given by $10;

• Nd: number of training samples;

• xj : vector referred to the j$th pattern with elements xk, k = 1, . . . , p,

and consider the error function in terms of the distances between the approximate and
the exact values, ej = $(xj)$ yj :

E =
Nd!

j=1

e2j = aT
Nd!

j=1

$(xj)$(xj)
Ta$ 2aT

Nd!

j=1

yj$(xj) +
Nd!

j=1

y2j . (6)

Using the Lagrange multipliers method, the following function has to be minimized:

S(aT ) = E + &(aT$0 $ %), (7)

where & is the Lagrange parameter. From the minimization of (7), we get the system:

$
B $0

$T
0 0

%$
a
&

%
=

$
y
%

%
, (8)

with:

B = 2
Nd!

j=1

$(xj)$(xj)
T , y = 2

Nd!

j=1

yj$(xj).

Using the solution of (8), the output y is computed as:

y =
%

c
$T (

c

%
B%1y +B%1$0 $B%1$0$

T
0 B

%1y

%
), (9)

where c = $T
0 B

%1$0 and $ is the vector of functions basis.
The FQI–FN algorithm is presented in Figure 2. Assuming that the convergence is

guaranteed, the iterative process stops when a maximum number of iterations is reached
[15] or when |QN $QN%1| < ', where ' is a given threshold value. Choosing the identity
function for the output and the same parameter % for each iteration, the sequence of

QN–functions generated by the FQI–FN approach converges if
&&&"c

&&& # 1, as proved in [19].

4 Case study

In this section we test the described methodology in two di#erent situations dealing with
a shopping mall. Notice that, in spite of the apparent simplicity and the limited number
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Figure 2: Steps of the FQI–FN algorithm.

of actions in interactions between the user and the system, such examples are a quite good
compromise to test the potentialities of the proposed approach.

Interactions between the user and the system are dialogue–like and based on a set of
actions available to the system in order to provide suggestions and respond to everyone is
asking for some information.

4.1 The data set

The generated data consider a shopping mall. First, in order to test the behaviour of
the system and focus on a relatively small number of actions Na, restaurants, as well as
clothing, shoes and accessories stores, are analysed. Then, with the aim of increasing
the number of actions, a supermarket, a kitchenware shop and an appliance store, are
considered.

The system state is represented by the following characteristics:

• position i ! {1, MS}, that indicates that the user is inside the sector i;

• time, divided into four disjoint intervals, i.e. 9:00-12:00 (1), 12:00-14:30 (2), 14:30-
19:00 (3), 19:00-20:30 (4);

• attribute, namely a value that is 1 for stores and 2 for restaurants;

• a boolean flag, that indicates if an attribute has (1) or has not (0) a value.

In order to ensure a su!cient exploration, the generated data are obtained in a random
way, neglecting the meaningless cases; as usual, the number of test samples is set as 20%Nd

about.
As for the FQI–FN algorithm, for the numerical tests m is chosen as small as possible,

% in a random way, x0 inside the data set, considering the condition
&&&"c

&&& # 1 [19].
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The results are obtained in terms of a rate r = 100n1/n2, where n1 and n2 are the
number of actions, respectively, correctly individuated and with the maximum reward.
Finally, a comparison with the results, which are achieved via NFQ with one hidden layer
consisting of 50 neurons, is presented.

4.1.1 First case

In the first case, we set MS = 5 with Na = 4, considering Nd = 20 and Nd = 15.
The possible system actions are the following:
(1) Hi. May I suggest you a restaurant?
(2) Hi. Do you want to know if there is any store nearby with special o!ers?
(3) Would you say a clothes store?
(4) Would you say a shoes store?
Actions (1) and (2) refer to system initiatives in order to suggest a restaurant in the

time intervals (2) and (4) or to indicate special o#ers in one or more stores in the sector
i where the user is located, respectively. Actions (3) and (4) are useful to disambiguate a
user request.

For instance, suppose that the user U wants some “brand1”, i.e. a brand that mainly
produces garments, which then began producing shoes and accessories; a possible interac-
tion with the system S is as follows:

S - Welcome. How may I help you? I know about clothes stores, shoes and accessories
stores, restaurants.

U - I would like some brand1.
S - Would you say a clothes store?
U - Yes.
Such example refers to action (3), but it is repeated for action (4) if the user asks

for “brand2”, i.e. a brand that mainly produces shoes and accessories, which then began
producing garments.

Figure 3 shows the rate r, after N = 9 iterations, for the two values of Nd for the
training and the test. By slightly increasing Nd, the results improve noticeably but are
better using FQI–FN (with m = 5 and a hybrid basis of functions, that is with polynomial
and cosine terms). On the other hand, the test for NFQ fails (0%).

Table 1 presents how the rate r varies when the number of iterations N increases:
through FQI–FN, the convergence seems to be faster (for N > 9, the results are un-
changed). Table 2 shows that the rate r changes for di#erent dimensions of the basis of
function m for the hybrid and the cosine family.

4.1.2 Second case

In order to increase the values of MS and Na, we added to the actions listed in the previous
subsection the following ones:

(5) Would you say a supermarket?
(6) Would you say a restaurant?
(7) Would you say a kitchenware shop?
(8) Would you say an appliance store?
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Figure 3: First experiment: the rate r for the training (left) and the test (right).

Table 1: Rate r vs N
Approach N r
NFQ 9 18%
NFQ 15 23%
NFQ 25 27%
NFQ 40 27%

FQI $ FN 5 9%
FQI $ FN 7 20%
FQI $ FN 8 27%
FQI $ FN 9 45%

Table 2: Rate r vs m
Basis m r
hybrid 3 36%
hybrid 4 36%
hybrid 5 45%
cosine 3 18%
cosine 4 18%
cosine 5 18%
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Actions (5)–(8) are useful to disambiguate a user request. For instance, a user U asks
for gluten–free pasta, which is also available in some restaurants, hence the interaction
with the system S could be:

U - I would like some gluten–free pasta .
S - Would you say a supermarket?
If the time is inside the interval (2) or (4), S responds as:
S- Would you say a restaurant?
In another example, a user U asks for a “brand0”, i.e. a brand which can indicate a

frying pan or a household appliance.
We have:
U - I would like a brand0 .
S - Would you say a kitchenware shop?
If the user is in the sector where the appliance store is located, then we get:
S- Would you say an appliance store?
In this experiment, MS = 10, Na = 8, Nd = 48 and Nd = 40. The behaviour of the

solution is similar to the one observed in the first experiment. In particular, the best
achieved solution for this experimental session is in Figure 4 that refers to a cosine family
with m = 7 and N = 11.

As for the first experimental session, FQI–FN provides better results that improve by
slightly increasing Nd.

Figure 4: Second experiment: the rate r for the training (left) and the test (right).

5 Conclusions

Considering that ubiquitous recommender systems combine characteristics from ubiqui-
tous and recommendation domains in order to assist the user in some tasks, in this paper
a revised FQI algorithm, which uses FNs, is proposed.

The FQI algorithm analyzes the reinforcement learning problems as a sequence of
standard supervised learning tasks and FNs are useful as approximators in cases where
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data sets are small. In particular, FNs operate via a basis of admissible functions that
deal with a least squares approach to get the unknown parameters of the approximation.

In order to respond unambiguously to users’ initiatives, the approach is used to study
a case of items’ recommendation in users’ proximity and services at a given time during a
visit in a shopping mall.

For the experimental results, due to the FNs, a relatively small number of training
samples is used. The preliminary presented example shows that the method is promis-
ing. Further studies are going to be developed to confirm the goodness of the proposed
algorithm.
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