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Abstract—Covariance matrix estimation is a crucial task in
adaptive signal processing applied to several surveillance systems,
including radar and sonar. In this paper we propose a dynamic
learning strategy to track both the covariance matrix of data
and its structure (class). We assume that, given the class, the
posterior distribution of the covariance is described through
a mixture of inverse Wishart distributions, while the class
evolves according to a Markov chain. Hence, we devise a novel
and general filtering strategy, called multi-class inverse Wishart
mixture filter, able to capitalize on previous observations so
as to accurately track and estimate the covariance. Some case
studies are provided to highlight the effectiveness of the proposed
technique, which is shown to outperform alternative methods in
terms of both covariance estimation accuracy and probability
of correct model selection. Specifically, the proposed filter is
compared with class-clairvoyant covariance estimators, e.g., the
maximum likelihood and the knowledge-based recursive least
square filter, and with the model order selection method based
on the Bayesian information criterion.

Index Terms—Random matrices, covariance matrix estimation,
interference covariance matrix, model classification, Bayesian
information criterion, multi-class inverse Wishart mixture filter,
radar and sonar signal processing, adaptive signal processing.

I. INTRODUCTION

The estimation of the covariance matrix is a fundamental
issue in adaptive signal processing and naturally arises in
several contexts including target detection, direction of arrival
evaluation, secondary data selection, target tracking, and
spectral analysis.

In radar and sonar applications, to predict the interference
covariance matrix (ICM), conventional adaptive strategies (such
as sample matrix inversion (SMI) [1] and Kelly’s receiver [2])
rely on the sample covariance matrix of a secondary data set
collected from range gates spatially close to the one under
test. These algorithms ensure satisfactory performance when
secondary vectors exhibit the same spectral properties of the
interference in the cell under test, are statistically independent
of each other, and the size of the training set is larger than
twice the system’s degrees of freedom, i.e., the useful signal

P. Braca and L. M. Millefiori are with the North Atlantic Treaty Orga-
nization (NATO) Science and Technology Organization (STO) Centre for
Maritime Research and Experimentation (CMRE), La Spezia, Italy. E-mail:
paolo.braca@cmre.nato.int, leonardo.millefiori@cmre.nato.int. P. Braca and
L. M. Millefiori were supported by NATO Allied Command Transformation
(ACT) via the Data Knowledge Operational Effectiveness (DKOE) project.

A. Aubry and A. De Maio are with the University of Naples, “Federico 1I”,
DIETI, Napoli, Italy. Email: augusto.aubry @unina.it, ademaio@unina.it.

S. Marano is with the University of Salerno, DIEM, Fisciano, Italy. Email:
marano @unisa.it.

A preliminary version of this work was presented at EUSIPCO 2018, Rome,
Italy, September 2018.

dimension [3]. The above requirements represent important
limitations, since typical size of homogeneous data is usually
quite limited and, more important, a poor training data selection
can imply severe performance degradation [4].

A possible strategy to circumvent the lack of a sufficient
number of homogeneous secondary data is to exploit some
a-priori information about the scene illuminated by the radar
and reduce the unknown parameters at the estimation stage
by enforcing appropriate structural models on the ICM. In
this respect, several approaches have been proposed, where
the training data is modeled as independent and identically
distributed (i.i.d.), zero-mean, circularly symmetric Gaussian
vectors (homogeneous environment). In [5] the maximum
likelihood (ML) covariance matrix estimator is derived by
modeling the disturbance as the sum of a colored interference
plus a white contribution; relying on the ML principle and
suitable covariance structures, advanced estimators have been
proposed in [6]-[12], both for homogeneous and heterogeneous
environments. Finally, Bayesian ICM estimators have been
developed to cope with training data scarcity [13]-[19], where
the ICM prior is assumed to be a complex inverse Wishart
distribution. Evidently, adaptive signal processing algorithms
based on the aforementioned covariance estimators may suffer
performance degradation in the presence of model mismatches,
e.g., due to changes in the operative conditions arising
from meteorological phenomena and terrain changes or the
appearance and disappearance of interference. A first attempt
to overcome this drawback has been pursued in [20], where
an adaptive classification of the ICM structure is addressed by
resorting to the theory of model order selection (MOS) [21].
By doing so, the actual ICM model can be adaptively predicted
and mismatch loss avoided.

A. Contribution and related work

A general filtering framework is proposed to track, at each
time scan k, a hybrid state that is composed by a discrete
random variable C}, representing the model or class, and a
positive definite random matrix Rj whose dimension depends
on C}. The posterior distribution of Ry, conditioned on Cjy,
is modeled by an inverse Wishart mixture (IWM) distribution,
while C}; is modeled as a Markov chain. In particular, similarly
to the Gaussian sum filter framework [22], where the posterior
is approximated by a Gaussian mixture (GM) distribution, in
the proposed approach the covariance posterior, conditioned on
Cy, is approximated by an IWM distribution. This choice is not
arbitrary, as the IWM and GM are natural representations of
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posterior distributions for positive definite random matrices [23]
and random vectors [22], respectively. The proposed hybrid
tracking approach is named multi-class inverse Wishart mixture
(MC-IWM) filter.

Hybrid state approaches are common in the tracking literature
and used when the primary objective is to track not only
(possibly multiple) targets, but also to estimate nuisance
parameters, for instance those of the process noise. A notable
example is the interactive multiple model (IMM) filter [24],
where the process noise switches among discrete predefined
classes. More recent developments are reported in [25]-[27],
where the approach is applied also to other parameters, such
as target detection probability and clutter rate. In [28], [29]
the IMM approach has been combined with the measurement
noise covariance estimation in the context of adaptive filtering
for jump Markov systems. The main difference with the
aforementioned works is that the MC-IWM filter tracks positive
definite random matrices, i.e., covariance matrices, whose
dimensions depend on the underlying models, which can also
be nested, as usual in MOS problems [20], [21].

Random matrices are commonly used in tracking problems
to model extended targets. Originally proposed by Koch [30],
this approach adopts the IW distribution for the posterior
distribution of the target extension (e.g., as measured by high
resolution sensors), or to model a coordinated group of targets.
Similarly, the random finite set (RFS) implementation of the
extended target tracking (ETT), proposed in [31], [32], models
the probability hypothesis density (PHD) as a mixture of gamma
Gaussian IW distributions. Nowadays, the ETT is applied
to a number of practical problems involving different sensor
technologies, including camera, X-band radar, light detection
and ranging (LIDAR) [23]. In this context, the MC-IWM filter
can be regarded as a natural extension of random matrix based
ETT filters to the case of targets whose measurements can be
generated by different models, such as targets with peculiar
symmetries or negligible dimensions. Although the proposed
approach is general enough to be applicable also in this
context, the present work is focused on adaptive environment
classification and awareness, specifically for radar and sonar
sensors; its application to ETT is left to future investigations.

In the landscape of adaptive environment classification
techniques for radar application, the proposed approach has
the following innovative peculiar features. First, the MC-IWM
filter sequentially processes multiple time scan observations
of the scene, whereas in [20] observations are processed one
by one. Second, the proposed filter tracks both the ICM and
its structure, so as to achieve a dynamic environment learning
capability. To this end, as in [14], [18], we resort to Bayesian
methods, except that a sequential approach on multiple time
scans is herein adopted.

Summarizing, a unified environment model is proposed
that includes several disturbance classes of practical interest,
and a suitable probabilistic time transition from (Ry, Cy) to
(Ri+1,Ck+1)- Given that the transition from Cy to Cgy1 can
imply a change of the matrix dimensions, a suitable moment
matching approach is developed to address prediction and
update steps. Analytical closed-form solutions are provided
for some scenarios of practical interest. For arbitrary models,

a tailored Monte Carlo-based solution for the prediction and
the update steps is also presented. Other than the moment
matching, the criterion of minimizing the Kullback-Leibler
divergence can be also considered, see e.g. [33]-[36].

The paper is organized as follows. In Sec. II we formalize
the problem, while in Sec. III the proposed filtering strategy
is derived and the algorithm structure is discussed. Specific
ICM models are provided in Sec. IV. Results of computer
experiments are reported in Sec. V and concluding remarks are
given in Sec. VI. Finally, three appendices are devoted to the
mathematical details related to the moment matching and the
derivation of the prediction and update steps. A preliminary
version of the MC-IWM filter has been presented in [37].

NOTATION

We adopt the notation of using boldface for vectors a
(lower case), and matrices A (upper case). The transpose, the
conjugate, and the conjugate transpose operators are denoted
by the symbols (-)7, (-)*, and (-)T, respectively. I and O
denote respectively the identity matrix and the matrix with
zero entries (their size is determined from the context). The
Kronecker and Hadamard products are indicated as ® and
©®, respectively. CN, CcN.K, SL, HY, ]HL]X, and Hf+ are
respectively the sets of /N-dimensional vectors of complex
numbers, of NV x K matrices of complex numbers, of N x N
positive definite symmetric matrices, of N x N Hermitian
matrices, of N x NN positive semidefinite Hermitian matrices,
and of N x N positive definite Hermitian matrices. For
any R € CNV, diagg, (R) € CFVAN s a block
diagonal matrix with K; blocks given by R. For any matrix
A e cERmEim DAY, i = 0,...,K; — 1, denotes the
square matrix of size m obtaining extracting from A the entries
i1,92 € {im+1,...,(i+1)m}. The curled inequality symbol
> (and its strict form >) is used to denote generalized matrix
inequality: for any A € HY, A = 0 means that A is a
positive semi-definite matrix (A > O for positive definiteness).
| X | denotes the determinant of X € CN-V. Besides, for any
set A, |.A| represents the cardinality of 4. The real part of
A is indicated with R {A}. Finally, E[-] denotes statistical
expectation.

II. PROBLEM FORMULATION

Let Zy = [z1k, 28k € Z™N, k > 1, be the
measurements collected by the acquisition system at the k-th
scan, whose entries can be complex Z = C or real Z = R. The
goal is to sequentially estimate the positive definite matrix Mj,
associated with the measurements Zj given the data up to k,
ie., Z1., :={Z1,Zs, -, Zi}. In general, the measurement
equation can be expressed as follows

Zy, = h(My, Z}), Q)

where h(-) is a generic function, M, is a positive definite ran-
dom matrix of size m, Z;’ is a random matrix whose entries are
assumed i.i.d. The sequence {Z}", Z%’,--- , Z}"} is assumed to
be statistically independent from {My, My, -, M} ,Vk >
1.
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In the case of radar (sonar) systems [20] z; %, ¢ =1,..., N,
may represent the measurements from the i-th range bin in the
surveillance area, and m may denote the number of space, time
or space-time channels. Then, focusing on the ICM estimation
problem in the presence of a homogeneous clutter environment
the previous equation is specialized as follows [20]

Z, = M} Z)", @

where M, is the ICM, and the entries of Z}’ € C™N are
zero-mean circularly symmetric complex Gaussian random
variables with unit variance. This means that, conditioned
on Mj, the columns of Zj are i.i.d. zero-mean circularly
symmetric complex Gaussian random vectors with covariance
matrix M.

In the ETT application, see e.g. [30], z; ; represents the i-th
detection coordinate of an extended target at scan k, while m
denotes the coordinate dimension. Assuming a linear model,
z; 1 is normally distributed around the target position with
covariance M}, the measurement equation (1) is specialized
as follows

1
Zy =15 @ Hyzy + M2 Z}, 3)

where 1 is the unitary column vector of dimension N, xj, €
R™ is the target kinematic state, H; € R™" is the observation
matrix, M, contains the information about the target extension,
and the entries of Z}/ € R™" are zero-mean Gaussian random
variables with unit variance. The measurement model in (3)
can be framed immediately as in (2) assuming known the target
kinematic xj. The extension taking into account both the target
kinematic and the target size can be derived following the ETT
framework, e.g. see [30]-[32], but is out of the scope of this
work.

A. Covariance matrix class

It is assumed the availability of prior knowledge about the
possible structure of the covariance M}, which induces a
partition {A;, As,... An,} on the set of positive definite
matrices. Specifically, at each time scan k, M), belongs to the
class Cy, € C :={1,2,...,N¢}, such that M}, € Ac,, where
Ac, is the set of the matrices exhibiting a specific structure.
In this context, A represents the range of a function fo(-),
whose domain is the set of positive definite matrices with a
specific size (not necessarily equal to m) depending on the
specific class C. Thus, the matrix M}, can be written as follows:

My = fe, (Ry), CreC, “4)

where Ry, is a positive definite matrix, whose size is a
function of C. Otherwise stated, M, belongs to a specific (but
unknown) class of the positive definite matrices, parametrized
via a (possibly lower dimensional) matrix Ry. For instance,
the class of white noise is described by M = f(R) = R1,
where R > 0 is a one-dimensional variable and I is the identity
matrix of size m.

The goal is to sequentially estimate both the class C and
the matrix Ry based on the observed data up to k, Z1.;, =
{Z1,Z3,- -, Z}}. The current hybrid state at step & is defined
as Xy := { Ry, Cx} and uniquely determines the matrix M.

The estimation is based on the posterior distribution of Xy,
given the data observed up to time k

Prjk (Xx) =P (Xy | Z1:1)
=P (Ri|Crys Z1.k) P (Cr | Z1:1)

= P (Ri |Cr ) Prjr (Cr) (%)

where we have used the notation Py, (Ay) to indicate the
posterior distribution evaluated at Ay at time k, given the data
Z,.; observed up to time j.

B. Hierarchical Markov assumption

In the following, it is supposed that the class C}, evolves
according to a Markov chain with finite sample space and
transition matrix defined as m;;, i.e.,

P(Cry1=1|Cr=j) =my;, 1,j€C. (6)

In particular, we assume a hierarchical structure between the
class and the matrix evolution as follows

P(Crs1|Ck, Ry ..., C1, Ry, ) =P (Cry1 [Cr) . (D)

Moreover, conditioned on Cj1,C), and Ry, we assume that
Ry is statistically independent of the previous states, namely

P (Ri+1|Crt1,Cry Riey ... ,C1, Ry ) =

P (Ri41|Cry1,Cr, R) . (8)

Based on the aforementioned hierarchical evolution model,
it follows that

P(Xpt1] Xy oy X1) =P (Cryr | Xiy- oo, X1)
X P(Rk+1]| Crt1, Xk, - - -
=P (Cr41Ck)
><'P(Rk+1 |C;€+1,Ck,Rk)

=P (X1 | Xi);

7X1)

namely, the time evolution of X follows a Markov process.
Fig. 1 illustrates a notional behavior of the considered hidden
hierarchical Markov chain. In particular, the state X can
only be observed indirectly (hidden model) via the available
measurements Zj. Additionally, the state is described through
two different random objects, i.e., Cx and Ry, that present a
hierarchical relationship, and the structure of R depends on
the actual value of Cj.

C. Random matrix state transition

To fix ideas, we provide practical state transition rule valid
for both the cases of ICM estimation and ETT. If Cy,1 and
C}, are the same, i.e., Cy+1 = C) = 1, then it is reasonable to
have a transition with conditional constant mean [30], i.e.,

E[Rki1|Cr =14,Cry1 =i, Ri] = Ry.

Clearly, more sophisticated transitions can also be taken
into account. Considering that we deal with positive definite



© 2020 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all

other uses, in any current or future media, including reprinting/republishing this material for advertising

or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or 4
reuse of any copyrighted component of this work in other works.

Fig. 1. Hierarchical Markov model of the hybrid state X, = { Ry, Cr}.

matrices, we assume that the spread around the mean is ruled
by a Wishart distribution!, yielding [30]

. ) R
P(Rit1|Cr=4,Crp1 =0, Rp) =W (Rk;+1§ Vk»V> ,
9

where we have indicated, with some abuse of symbolism,
by W(R; M,v), both the real and the complex Wishart
distribution with scale matrix M and v degrees of freedom. The
choice between real and complex Wishart distribution depends
on the field where Ry, given Cj, is defined and will be easily
determined from the context. If necessary, the transition of Ry
can involve rotation and scaling transformation, see [35].

Finally, if Cy # Ci41, a Wishart distribution, but with
different and suitable parameters, can be used to model the
transition from k to k + 1. Essentially, a suitable mapping
of M, = fc, (Ry) onto Ac, ., is considered as the mean
matrix of the Wishart distribution; the details are reported in
Appendix III and specific examples will be illustrated in the
following sections.

III. MULTI-CLASS INVERSE WISHART MIXTURE FILTER

With the assumptions made in the previous section, the
random matrix under each class can be inferred by approx-
imating posterior distributions of the corresponding random
matrix Ry with mixtures of IW components. This is similar
to the approach taken in [22], where posterior distributions are
approximated by mixtures of Gaussian components. Besides,
the choice of IW components originates from the Gaussian
nature of the data Zj (conditioned on M}) and from the IW
distribution being the conjugate prior for My, e.g., see [16],
[30]. In general, the moment matching approximation can be
applied to preserve the IWM structure of the posterior.

The proposed filtering approach allows to sensibly reduce
the complexity w.r.t. a brute force particle filtering strategy.
Indeed, as m increases, but even for moderately small values,
the accurate representation of random objects in C™*™ would

IThe use of the matrix-Gamma distribution [38] can be also considered.

require a prohibitively large number of particles, see also the
discussion in [39].

In order to proceed, let us assume that the predicted posterior
for each class at time k given Zp.;_1 is a mixture of (complex
or real, according to the field where Ry, given CY, is defined)
inverse Wishart [16], [30]

Nw
n,C 5(n,C ~(n,C
Prpet (Ri |Cx) = Y wii ™ IW(R; RS, i),
—1
A n (10)
where R,(cn,f’“l) and ﬁ,(cT,;(j‘i) are the scale matrix and degrees of

freedom associated with the n-th inverse Wishart component
of the mixture characterizing the class C. The weight w,&?ﬁ’;)
is the probability of the n-th component of the mixture at time

k for the class C, having observed the data up to time k — 1:
Wi = P(Nk = n|Ch, Zik1) = Piggr (n[Cr), (1)

where N defines the auxiliary discrete random variable that
models the switch among the different modes, from n =1 to
n = Nyy. Hereafter, the variable n refers to a specific value of

the random variable Ny, i.e., N = n. The quantities ﬁ(n’ck’)

k|k—1°
. (n,Cr c . . . .
V,E,T,;_’i), and w,in,;_’j) summarize the information acquired from

the data up to time k£ — 1, related to both C and Rj. When
a new set of observables Zj, is gathered, the aforementioned
quantities are updated.

A. Matrix Update Step
In this subsection we compute Py (R |Cr), Cr € C,
namely, the statistical characterization of Ry, given C} and
Z1.k. From the law of total probability it stems
Nw
Pk|k(Rk|Ck) = Zwl(crll];ck) Pk|k(Rk|n,Ck)7 (12)
n=1

where

w/(cT/;‘Ck) = P(N = n|Ck, Z1.1),

Prji(Ri|n, Cy) = P(Ri| Ny = n, C, Z1.1).-
The updated mixture weight is computed by Bayes’ rule as

P(Zkn, Cr, Zrx—1)wy ;7Y

SN P(Ziln, Cr, Zr—1)wy ;)
a(n,Ck)w(n,Ck)

(n,Cr) _
Wee =

k k|k—1
= ; (13)
N n,C n,C
> n al(e k)wl(c|k—kl)
where we have defined
a" ¥ = P(Z|n, Cy, Zrp—1) (14)

@ /P(Zk|ckaRk)Pk|k71(Rk‘nack)de

= /P(ZHC%, Ry)
X TW (Rk; RS, a,i";f?) dRy,
and in (a) we have exploited the conditional independence of
Zy, from Zy.,—1 and Nj = n, given the state X, = (Cy, Ri),
ie.,

P(Zk|n,C’k,Rk,Z1k_1) :P(Zk\C’k,Rk) (15)
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We proceed analogously to compute the updated components
of the n-th mixand:

P(Zy|Cr, Ri.) Prjr—1(Ri|n, Ck)
/P(Zk‘ck7Rk)Pk\k—l(ka,Ck)de
(16)

Prjp(Ri|n, Ck) =

Being the prior a complex (or real) IW, i.e.,

IW(Rk R(” Ck) ﬁ(” CA))

Prjp—1(Ri|n, Cy) = klk—1> Vk[k—1

and the data complex (or real) multivariate Gaussian distributed,
eq. (16) is again (or can be approximated as) an IW (see
Appendix I):

Pk (Ri|n, Cr) = IW(Ry; Rl(chCk) A/iTka))v an
with the parameter Rkn,; “*) and the degrees of freedom y,grkc"),

that clearly depend on Zj, the previous IW parameters, as
well as the class model. Formally:

5(n,Ck) (n Cr)\ _ H5(n,Cr) A (n,Ck)
(Rk\k RN ) =fu (Zk,Rk|kf17 b

Vilk—1 >Ck)

(18)
where the function fy(-) can be obtained according to the
guidelines in Appendix I; specific instances of this update
equation are provided in Sec. IV. Summarizing, the posterior
update of Ry is given by

Nw
Py (Re|Cr) = Z wi IV (Rk? R, Vz(chCk))
e, (C)
W) _ ;" k\Lk—kl
k\k? n,C n,C
Zn:l al(c k)wl(c\k—kl)

where the the IW parameters are provided in (18) and a(n Cr)

is given by (14).

B. Class Update Step

Let us assume now that the class probability Ppj—1 (Ck),
Cr € C, is available at time k, given the data up to time
k — 1. For ease of notation, let us define the class probability
as py|j(Ck) == Pgj (Ck). When the new observation Zj is
available, the class probability is updated as follows

P(Zy|Ck, Z1:k—1)Pkjk—1 (Cr)

ZP(Zk|Ck = ¢, Z1:k—1)Pkik—1 ()
ceC

Prjk (Ck) = (19)

Using the law of total probability, the first term of the numerator
in (19) can be expressed as

Nw

P(Zk|Ch, Zik—1) = Y P(Ziln, Cr, Zup—1)wy ;™)
n=1
Z bRt (20)

where in (a) we have used (14). Substituting (20) in (19) we
finally obtain the update rule for the class probability

Nw
n,C n,C
<Zw;§|k “af ")> Prik-1(Ck)
(n,c) (n,c)
" ufi)of

ceCn=1

Pr|k(Ck) =
Prjk—1(¢)

The update steps are summarized in Algorithm 1.

In the following subsections we will describe the prediction
procedure to establish the joint posterior distribution of
the class and the related random matrix, namely X1 =
{Ry+1,Cry1}, at time k + 1, given the observations up to
time k:

Prg1jr(Xkt1)

C. Class Prediction Step

= Prs1)k(Rr41|Cri1) g1 (Cry1). 21

The predicted class probability is computed by means of the
Markov chain assumption (6) as follows:

) = Y P(Cis1|Cr, Z1.) P(Ci| Z1x)
Crec
)
= > P(Cria|Cr)piin(Cr),
CreC
where in (a) we have exploited the independence of Cj,; from
the data up to k given C}, which stems from the hierarchical

Markov assumption discussed in Sec. II-B.
In summary, the predicted class probability is

)= P(Crs1|Ck) prii(Ci).

CreC

pk+1\k(ck+1

(22)

pk+1\k(0k+1

D. Matrix Prediction Step

Focusing now on the matrix prediction step, i.e., Ry
given Zy.; and Cj 41, the law of total probability on Cj can
be exploited as follows

Prs1p(Rit1|Cri1) = Y P(Riy1|Crin, Cr, Z1k)

CreC
X P(Cy|Cry1, Z1:1), (23)
where the last term in the previous summation can be recast
applying Bayes’ rule:
P(Cr+1|Ck) Pk (Cr)
P(Cry1|Ck, Z1.1) P(Ck|Z1.1.)
P(Cry1|Z1:1)
————
Pr116(Crg1)
P(Cry1]C C
_ ( k+1| Ic)pk\k( k)_ (24)
pk+1|k(0k+1)
Using again the total probability rule on Ry, the first factor
at the right-hand side of (23) can be expressed as

P(Rik41/Crs1,Cr,Re)
P(Ri+1|Cr1,Cr, Z1:x) = /P(Rk+1|ck+1’ck’Rk’Zlik)

X P(Rk|Ck+1, Ck, Zl:k)dea
(25)

P(Cr|Cri1, Z1:k) =
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where the dependence on Z;. is deleted in the first term of
the integrand, being Ry, independent of Z;.; conditioned
on Cyy1,C, and Ry. The second term can be computed as
P(Ry, Cry1,Cr|Z1.1)
P(Crs1,Cx|Z1 1)
P(Cr+1ICk)
(@ P(Rp, Cx|Z1:k) P(Crta|Cr, Ry Z1:k)
P(Cx|Z1.k) P(Cry1|Ch, Z1:1)

P(Cr+1|Ck)

P(Ry|Crg1,Cr, Z1:y) =

= Prix (Ri|Cr), (26)

where in (a) we have exploited the hierarchical Markov
property by which Cy41 conditioned on Cj, is independent of
Ry, and Z;.;. Substituting (26) in (25), we obtain:

P(Ry+1|Crt1, Cr, Z1:x)
= /P(Rkﬂ\clwrhCk,Rk)Pk|k(Rk|Ck)de

Nw
= ngéc’“)/P(Rk+1|0k+1,ck7Rk)
n=1

x TW(Ry; R[5 o(n, Cy)) dRy.

27

Enforcing the solution of the integral in the last equality
of (27) to be again an IW via moment matching (see details
in Appendix II) and marginalizing (27) w.r.t. Cf, see eq. (23),

we obtain the prediction matrix distribution

Nw
_ (n,Cry1,Cr)
Pk+1|k(Rk+1|Ck+1)_§ E Wk
n=1CjeC

XIW (R 41; ﬁ,(;llc‘zﬂ’ck); v(n,Cry1,Cr)), (28)

where

n,C ,Ch n,Cy,
l(€+1|];€+1 V= w}(g\ka) P(Cx|Cr1, Z1:x)

_ (nka)P(Ck+1|Ck)Pk|k(Ck)
= Wik C .
P11k (Cry1)

(29)

The IW parameters ﬁgﬁr’ﬁ’?l’ck) and »("Cr+1.Ck) of the
prediction step follow a suitable moment matching approxi-
mation, reported in Appendix II and III, that generalizes the
approach in [30] including the cases with C} # Cj41 that
accounts for the different matrix structures of distinct classes.
In particular, each of the Ny modes associated to a given
C} will lead to a new mixand component. Such update is

expressed by the function

5(n,Cr41,Cr) A (n,Ck41,Ck)
(RkJrl\k » Vit1)k

= fr (REE, 045, G G ) . 30)

The function fp(-) can be obtained according to the guidelines
provided in Appendix II and III.

Remark: In the prediction step, the number of components
of the mixture in each class increases to Ny X Ng. In
order to avoid an increase of the computational complexity,
following [22], at each time update a pruning criterion is
adopted. For instance, only the first Ny, components, sorted

according to their weights are retained. Furthermore IW
components close to each other can be also merged, see
e.g. [33]. The new weights are then normalized to one and the
modes again indexed via the finite set {1,..., Ny} (having
removed, without loss of generality, the explicit dependency
on the previous class).

In summary, the prediction distribution of the matrix condi-
tioned on the class is

Pri1e(Req1|Cry)

Nw
_ (n,Cr1) . p(n,Cri1)  A(n,Cry1)
= E :wk+1|k IW(Rps1; Rk+1\k » Ve )
n=1
(n,Cr+1) p(n,Crir) ~(n,Crt1) .
where W s Rk+1\k and Ytk refer, respectively,

to the update weights (their sum over n is equal to one), the
scale matrix, and the degrees of freedom associated to the n-th,
n=1,..., Ny, selected mode for the class Cj .

IV. ICM MODELS FOR HOMOGENEOUS CLUTTER

This section is devoted to the specialization of the MC-
IWM filter to radar and sonar applications, for the adaptive
classification and estimation of the ICM of homogeneous clutter,
e.g., see [1], [20]. This scenario is of primary interest in radar, as
it approximates real operating environments [2], [40]-[42]. Note
that in the presence of clutter outliers, a selection procedure
should be exploited to censor outliers and come up with a set
of homogeneous data [20].

Here we consider a scenario with three classes. The first
class is the white noise class, with M, = Ry I and R; > 0;
the second class describes persymmetric matrices (which model
the radar ICM for symmetrically spaced temporal or spatial
samples), i.e., M) = UTR,U [41], with R;, € S, and
being U the specific unitary matrix defined in [41]. Finally, in
the third class M} = Ry is a generic m x m ICM.

Assuming homogeneous clutter, the data are distributed
according to (2) and then the likelihood is given by

P(Zy| Ry, Ck)
(ﬂ_Rk)—N'm o T(Z:Z[R) Cp =1,
_ |7rRk\7N T (M{UZ:Z[UT} R, ) CL =2, @3l
|7 Ry,| ™Y e (2 Z IR Cr =3.

(n,Ck)

The variables o, in Algorithm 1 are given as follows

o) = / P (ZilCv, R)TW (R RS, 9,7 dR.
(32)
Specifically, for Cx = 1, eq. (32) specializes to

n,1

’Qk\g—l /il(QNm—i-ﬁ(n’l) )

az(gml) = oNmg=Nm ‘ﬁl(gn’l)‘ “n 1)k‘k_1
R1 (Vg 2s)
B 2Nm+x>,(c"",;l,)1
x [2Tx (2:2]) + R, &%)
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for C), =2 to
(n,2) _ oNm._—Nm | 5(n.2) ﬁlg’E?l Km (2N + ’91?\11@ )1)
a7 =2""n Rk|k—1 D)
Fom (Vg n=1)
e AT
X ’2% {Uzkz,iUT} n R,ﬁ?,f’_)l‘ . (34)
and for C, = 3 to
~(n,s (n 3)
(n.3) _ _—Nm | p(n.3) V}(c\kil /fm(N‘FVHk 1)
G =7 klk—1 T 3 N
Fom (P k|k )
~(n (N—H/ 1)
< |zez] + B, e (35)
where £, (v) and &, (v) are defined as
Fip(V) —Trp<p1/4HF{ 1/—|—1—z)], (36)
p(p—1) P
Fp()=m"7 J[Tlv+1-1i)]. (37)

i=1
Furthermore, for any mode n = 1,..., Ny, being fc, (Rx) =

Ac, diagg (Rk) Ag , with Kc =mforC =1, Kc=1
for C' = 2,3, Ac, € C™™ and (AckATCk = 0, the TW
distribution is the the conjugate prior for Ry, see details in

Appendix 1. Hence, it follows that the function fy; (-) defined
in (18) is given by

2T (2,2]) + R Cp =1,
»(n,C ) »H(n,C
R = { o {UZkZTUT} + RIS Ci=2,
Z,Z} + R, Cr =3,
and
2Nm + o) Cr =1,
~(n,C ) ~(n,Ck) _
Vk\k k 2N + v Vil k— ]i Cy =2,
N+ 3,5 Cy, = 3.

Finally, the specialization of (28) to the three-class example
is not reported here for brevity, but easily follows from the
general treatment developed in Appendix II and III.

V. COMPUTER EXPERIMENTS

This section is devoted to the performance analysis of
the proposed MC-IWM filter on simulated data and its
comparison with other methods. We assume homogeneous
Gaussian disturbance generated according to (2) and several
time-varying structures of the ICM Mj,; a case study with the
appearance of an additional interference term is also included.
In the computer simulations, the hybrid state (Ry,Cy) over
time does not necessarily evolve according to the statistical
model assumed in the previous sections (i.e., the state can
be piecewise constant in time). This mismatch is intentional
and proves the robustness of the proposed approach. In all the
simulations, the degrees of freedom of the transition Wishart
distribution (9) is set to v = N7, with N7 > m + 4, if

Cy = Ci41, and to v = m + 4 otherwise, in order to allow
a larger spread of any IW around its mean when the class
changes from k to k + 1; the parameter 7 can be seen as the
analogous of a forgetting factor for the MC-IWM filter, and
can be tuned depending on the specific application. Among
all the available Bayesian estimators, we select the posterior
mean, defined as:

Nc Nw

Z Zpkuc

c=1n=1

My, = E[My|Z1 4] = wk‘k Mklk(” c),

where J/\/Ik‘k(n,c) is the expected mean conditioned to the
n-th mode of the IW mixture of the class c. Recalling that the

mean of an IW distribution ZW (R; 1?5, 19) of dimensionality

pis ﬁ/(ﬁ —p—1) if real, or ﬁ/(ﬁ — p) if complex. For the
classes defined in Sec. IV we have

1
S (n,1) 5(n,1) _
(70 =2) RGVL =1,
Py -1
My (n,c) = (V](!‘L]f) —-—m — 1) R,(;‘f), c=2,
- (n.3) 1 5(n.3) _
(l/k‘k — m) Rk|k , c=3.

A. Single class
In the first experiment we assume a homogeneous Gaussian
clutter environment, with ICM

M, = M, + o2I. (38)

The ICM M. is exponentially shaped, with entries given by

M, (k1) = o2plk=U" e2n (k=D e (39)
where j = \/—1 is the imaginary unit, p is the one-lag
correlation coefficient of the clutter [43], and 0. and f.
denote, respectively, the clutter power level and normalized
Doppler frequency. In this first experiment, we simulate a
homogeneous land environment, assuming p = p{!) = 0.999,
p = p(l) =1, f. = fél) = 0 and clutter to noise ratio
CNR® 0%/02 = 30dB. In Fig. 2 the Frobenius norm
of the MC-IWM filter estimation error (suitably normalized
w.r.t. its trace) of M, is reported, for several values of 7. As
expected, the estimation error decays slower as 7 increases.
The error does not converge to zero: there exists a floor value
to which the estimation error converges for large k. The larger
is 7, the smaller the floor level is, and later the convergence
takes place. To the limit, when 7 — oo, the estimation error
of the proposed MC-IWM filter converges to zero as k — oo
and to the performance of a ML filter that operates on all the
data observed up to time step k, depicted in the same figure
with a solid black line. Finally, the performance is compared
with that of a knowledge-based recursive least square (KB-
RLS) filter [44], also in its version that takes advantage of
the persymmetric structure of the covariance matrix (KB-RLS-
P). For fairness of comparison, it should be noted that the
increased performance of the MC-IWM filter comes at a cost
of a higher computational complexity.
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Fig. 2. Single-class analysis of the covariance matrix estimation error of the
proposed MC-IWM filter compared with that of other approaches available
in literature. The covariance matrix estimation error is suitably normalized
w.r.t. its trace in order to be comparable with that of the RLS and RLS-P
approaches. Values on the y axis are in decibel units. Data is generated as
described in Sec. V-A. Dashed lines to the RLS and RLS-P algorithms [44],
with the forgetting factor A set to 0.99. Solid lines refer to the estimation
error of the MC-IWM filter, for several values of the adaptation rate 7. Finally,
the solid black line refer to a ML estimator that operates on all the observed
data. Curves are averaged over 100 runs and m = 8.

B. Sea-land-sea clutter transition

A second experiment is devoted to the analysis of perfor-
mance when the clutter environment is not homogeneous in
space, being instead composed of three different regions; the
first and last regions contain homogeneous sea clutter, while the
second one contains homogeneous land clutter. Also, smooth
transitions at the interfaces between regions with different
clutter properties are simulated by gradually increasing the ratio
of measurements from the regions before and after the transition.
The land clutter ICM is simulated as in the previous experiment;
the sea clutter ICM is also exponentially shaped and generated
according to (38) and (39), but with p = p(s) = 2, a lower
one-lag correlation coefficient p = p(*) = 0.8 and a non-
null normalized Doppler frequency f. = fc(s) = 0.2. The
performance of the MC-IWM filter, configured as described in
Sec. IV, is depicted in Fig. 3a and 3c, in terms of classification
capability and ICM estimation error, respectively. Having both
the sea and land clutter a persymmetric covariance matrix, the
proposed filter correctly classifies the data as belonging to
class 2, as it is reported in Fig. 3a. This is a consistent trend
over k, with the exception of the transition regions, where
the posterior probability for class 2 drops, for a couple of
samples, below 0.5. Conversely, the BIC seems unaffected by
the transition, and correctly assigns a posterior probability of
1 to class 2. Fig. 3c, showing the norm of the ICM estimation
error, suitably normalized w.r.t. its trace, offers a comparison
of the proposed approach with other techniques available in
literature. First, it must be noted the accuracy improvement
over both the ML estimator and its clairvoyant version, which
has knowledge of the true disturbance class and uses it to
achieve a higher estimation accuracy. From the same figure,

the estimation error can be compared also with that of the KB-
RLS and KB-RLS-P [44], which initially perform better than
the MC-IWM filter, but then prove to be less reactive to the
change of environment than the proposed solution. Moreover,
the KB-RLS and KB-RLS-P filters require prior knowledge on
the position of the clutter edges, which is not required with the
proposed approach. A priori information can also be employed
in the proposed approach, for instance by allowing the greatest
possible spread around the mean for the predictive distribution
of the ICM. This is also reported in Fig. 3c by the curve
labeled KB-MC-IWM (knowledge-based MC-IWM), which
slightly improves the accuracy over clutter edges. Finally, it
should be noted that the decay of the classification performance
around the transitions does not affect the accuracy of the ICM
estimation.

C. Three classes

In the third experiment, a heterogeneous scenario composed
of three different clutter regions is considered. In the first region,
only white disturbance is present; the second region contains
white disturbance, land and sea clutter; finally, the third region
contains all before mentioned, plus a fixed interference term.
Formally, we have

oI
2T+ MY + M data class 2
JgI + Mc(l) + Mc(s) + P data class 3,

data class 1

M;, = (40)

where P is a fixed interference term with the following diagonal
structure

Pii >0
0 i#.j7i:nillt+1a"'7m

i:jzla"'7nint

P(i,j) = (41)
with pax > P(i,i) > P(i+ 1,74+ 1) > ppin; this further
term may account, from a physical point of view, for the
presence of additional interference due, e.g., to the appearance
of a frequency modulated radar, or also the activation of a
frequency-hopping jammer of shorter duration than the PRI and
in the same operating band as the radar. The performance of
the proposed MC-IWM filter is reported in Figures 3b and 3d,
in terms of class detection probability and ICM estimation
error, respectively. As it is apparent from Fig. 3b, the proposed
filter is able to correctly detect all three classes; additionally,
for class 3, it also outperforms the classification performance
of the BIC. Running in a single snapshot configuration, the
BIC is in fact able to correctly identify only classes 1 and
2, while class 3 is mistaken for class 2. A complementary
perspective on the filter performance is provided in Fig. 3d,
where the estimation accuracy of the proposed approach is
compared with that of a generic ML estimator and a clairvoyant
ML estimator, which has knowledge of the true ICM structure;
the ML approaches are both outperformed by the proposed
MC-IWM filter, with a noticeable improvement in accuracy.

D. Classification performance vs BIC

Finally, one last experiment is devoted to a more extensive
comparison of the classification performance of the proposed
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filter against that of the BIC. The simulation setup is similar
to the previous experiment: the data is generated as in (40),
but now the clutter regions are considered separately, i.e., once
at a time, and the data class does not change over time in each
run. In order to let vanish the effects of a possibly unmatched
prior, the proposed filter has been let run sufficiently long
(specifically, for 5 samples) before evaluating the probability of
correct classification. The results of the analysis are reported in
Table I, for m = 8 and several values of IN. The analysis shows
that the proposed MC-IWM filter is able to correctly identify
all three classes; moreover, its performance is consistently
superior w.r.t. the BIC, especially for low values of p in the
second class, and also in the third class, where the proposed
approach can evidently achieve the same detection capability
of the BIC with approximately half data (in each snapshot).

VI. CONCLUSION

In this paper, we proposed a novel and general filtering
strategy, able to process sequential observations for tracking
random matrices, that are defined on multiple nested classes.
The proposed filter, referred to as multi-class inverse Wishart
mixture (MC-IWM), relies on a hybrid state composed by a
discrete random variable representing the class and a positive
definite random matrix. We focused on the filtering of the
interference covariance matrix (ICM) from the secondary radar
(sonar) data in homogeneous clutter environments. The perfor-
mance assessment of the proposed method has been evaluated
in terms of both classification, i.e., environment identification,
and ICM estimation accuracy. The results have shown that the
proposed approach may provide better performance against
both single-scan techniques, such as the Bayesian Information
Criterion (BIC), in terms of classification, as well as against
sequential techniques, such as maximum likelihood estimation
and knowledge-based recursive least square filtering, in terms
of ICM estimation accuracy. Possible future research tracks
include the analysis and the performance assessment of the MC-
IWM filter with real data sets, collected by either radar or sonar
systems, as well as the extension of the proposed approach
to the case of compound-Gaussian clutter [45]. Finally, the
proposed filter can also be applied in the context of extended
target tracking to model structured shape extensions, including
targets with length equal to the width, negligible length (or
width), or composed by multiple ellipses.

APPENDIX I
CLASS PARAMETERS POSTERIOR UPDATE
In this section, it is shown that (17) holds true whenever
M;, = fo,(Ry) = Ac,diagg,, (Ry) AL, @

being Ag, € C"™™ a class-dependent matrix such that
(Ack Agk > 0, i.e., it is full-rank. This model encompasses
many classes of practical interest, as illustrated in Sec. IV.

Input :Zk = [Zl,ky"' 7ZN,k], k= 1,...,K
Rén,cl)’ V(()TL,CI))’ n = 1, . ,NW’ Cl eC

Output : ﬁgﬁc’ci),ﬁfﬁc’ci)), wi&'ci), pijk(Ci), for C; € C,

i=kk+1,k=1,...,K,C={1,...,N¢}
Initialization
k <+— 1, pk‘k_1(0)<—N61
for C; € C do
for n € {1,..., Nw} do

(n,C1) -1
Wyp—1 < Ny,

»(n,C ~(n,C n,C1) n,C1)
(Rk\k—11>’ Vk\k—ll>> A (Ré Y, Vé ! )

end

end

for k€ {1,...,K} do

Update

Observe new data Zj,

for Cr, € {1,...,N¢} do
forne {1,...,Nw} do

ain,ck) «— /P(Zk|ck7Rk)

klk—1 0 Yrlk—1

xIW (R R;OY, oY) dR

(n,C), (n,C)
Qe Wik—1

St el Py
e .
(ﬁ(n,ck) 5(Cr)

(n,C)
Wy *

klk > Ykl ¢

fu (Zmﬁ,(ﬁ;ﬁﬁ), i w) Ck)

klk—1 7

end
Pije(Cr) +—

n/,C n/,C
(Zrzle wli\kflk)agc k>)pk\k71(0k)

N¢ Nw (n’,Cy) (n',C}) ’
cf=12mr=1 Wgjk-1 Yk Prik—1(CY)

end
Prediction
for Cry1 € {1,...,Nc} do
n +—1
Prraik(Crr) «— Xer ey of Prik(Cr)
for C, € {1,...,N¢c} do
forn e {1,...,Nw} do
(n',Cr41) _  (n,Cry1,Ck)
W11k = Witk
(n,C;C)WCkJrle;pk\k(Ck)
Wik C
pk+1\k( k+1)
51 ,Cry1) ~(n',.Cri1)
(Rk+1\k+1 » Vil )=
»(n,Cr11,Ck)  ~(n,Cr41,Ck)
(Rk+1\k+1 » Vilk o
fe (RGP, 9%, Cran, O )

n +—n' +1

) —

end

end

end

Pruning

for Cry1 € {1,...,N¢c} do

Sort the Ny x Ng mixture components according to
the weights {w,ﬁiﬁf*ﬂ}ﬁﬁlNc
Nw elements

for n € {1,...,Nw} do

retaining the first

w(n,CkH)
w(”ack+l) k+1|k
k+1|k Ny
(n',Cr41)
E :wk+1\k
n’/=1
end
end
end

Algorithm 1: Multi-class inverse Wishart mixture filter.
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TABLE 1
PROBABILITY OF CORRECT CLASSIFICATION
P(Ck=1) POk =2) P(Ci =3)
p=02 p=03 p=04 p=0.6 p=038 p=0.99
N MC-IWM BIC MC-IWM BIC MC-IWM BIC MC-IWM BIC MC-IWM BIC MC-IWM BIC MC-IWM BIC MC-IWM BIC
10 | 1.000 1.000 | 0.0l0 0000 | 0.340 0.00 | 0915 0.000 | 1000  0.000 | 0.995 0277 | 1.000  1.000 || 1000  0.166
12 | 0990 1.000 || 0.010 0.000 | 0.420 0.000 | 0.965 0.000 | 1.000 0.001 | 0.995 0476 | 1.000  1.000 || 1..000  0.412
16 | 1.000 1.000 || 0.025 0000 | 0655 0.000 | 0995 0.000 | 1.000 0.003 | 1.000 0.872 | 1.000 1.000 || 1.000  0.926
20 | 1.000  1.000 || 0.65 0.00 | 0905 0.000 | 0.990 0.000 | 1.000 0.013 | 1.000 0.987 | 1.000  1.000 | 1.000  0.998
24 | 1.000 1.000 || 0.35 0.000 | 0970 0.000 | 1.000 0.000 | 1.000 0.089 | 1.000 1.000 | 1.000  1.000 | 1.000  1.000
28 | 1.000 1.000 || 0.235 0.00 | 0980 0.000 | 1.000  0.000 | 1.000 0.240 | 1.000  1.000 | 1.000  1.000 || 1.000  1.000
32 | 1.000 1.000 || 0.8  0.000 | 0990 0.000 | 1.000 0.000 | 1.000 0.499 | 1.000 1.000 | 0.995  1.000 | 1.000  1.000
64 | 1.000 1.000 || 0.995 0.000 | 1.000 0.000 | 1.000  0.026 | 1.000 1.000 | 1.000 1.000 | 0.985  1.000 | 1.000  1.000
128 | 1.000 1.000 || 1.000 0000 | 1.000 0.020 | 1.000 0988 | 1.000 1.000 | 1.000  1.000 | 1.000 1.000 || 1.000  1.000

Probability of correct environment classification of the proposed MC-IWM filter versus the BIC approach. The MC-IWM performance is evaluated after 5 samples,
while the BIC works on single snapshots. The thermal noise power level is set to o2 = 0dB; the statistical properties of the sea clutter are CNR(®) = 20dB,
p(s) = 0.8, p(5> = 2 and fc(5 = 0.2; the statistical properties of the land clutter are CNR® = 30 dB, p(l) = 0.999, p(l) =1, and fc(l) = 0. The fixed interference
matrix P in class 3 is a diagonal matrix with diagonal components set to [40 dB, 36 dB, 32dB, 28 dB, 24 dB, 20dB, 0, 0]. The MC-IWM filter adaptation rate was
set to 7 = 10 and the components of the transition matrix to m;; = 0.98 if ¢ = j and to m;; = 0.01 if, otherwise, ¢ # j. Results are averaged over 200 runs and

m = 8.

In order to proceed, let us focus on a specific class and,
to simplify the notation, denote ¢ = Cy, R = Ry, Z = Zj,
K = K¢, = m/m. (with m, the size of Ry), and A, = A.
We assume that R ~ W (R; R, ﬁ). Then, if R € S”'s

¢, the
joint distribution between R and Z is proportional to

me+D+1

P(R,Z) X R~ o
x |Adiagy (R) A
7Tr(ZZT (A diagK(R)Af)’l)

1Tr(R'R)

’—N

X e

&R

where in (a) we have used the likelihood expression of Z and
the IW distribution of R [46], and (b) follows by algebraic
manipulations, not reported for the sake of brevity. In the above
expression we have defined:

me+U+142KN 1 -1p
MRS 3 Tr(RT'Ry)

me
%

K-—1
R, - R “lgzztat™!
R, : R+2Z§=OjD{3fe(A zztA )}

Thus, the posterior of R is a real IW with scale matrix ﬁl and
U+ 2K N degrees of freedom. If instead R € H'}";, similarly
to the previous case the joint distribution between R and Z is
proportional to

P(R, Z)  |R|""+7) o™ (R'R) | Adiag . (R) AT| ™"
e—Tr(zzT(AdiagK(R)AT)’ )

x ‘R|_(mc+ﬁ+KN) efTr(Rflﬁl)’

where again we have exploited the likelihood and IW expres-
sions [15], [19], [47] with

K—1
Ri=R+>.D [A—lZZTAT‘1 "
i=0 !
Thus, the posterior of R is a complex IW with scale matrix
R, and degrees of freedom v + KN.

A. General update model

If the classes cannot be described with the model in (42), and
a more general model is required, then, in order to preserve the
IW structure, the general update step (16) can be formulated
in terms of both the moment matching approximation (see
details in Appendix II) and Monte Carlo methods (MCM) [48].
Specifically, the idea is to compute the first and second
moment of the random matrix Ry|Z;.,,n,Cy via MCM and
then enforcing the update distribution to be IW applying the
moment matching technique detailed in Appendix II. To this
end, let h(Ry) be a scalar function of the matrix argument
Ry, for instance an entry of the matrix or its power, and
denote by R,(;), i=1,..., Nmcwum, 1.1.d. matrices drawn from
IW(Ry; ﬁ,ﬁ’fkﬁg), ﬂfj‘;f’;)) made available from the prediction
step given the data up to time k£ — 1. Then, applying the MCM
to the distribution given in the update equation (16), it follows
that [48]

Nyviem ] }
> WBYYP(Zi|Cr, RY)
=1

Nyvewm )
> P(ZCk RY))

i=1

E[h(Rk)|Z1:k,n, Ck] =

where, under weak assumptions, the previous equation con-
verges almost surely when Nyon diverges [48].

APPENDIX II
MOMENT MATCHING

Let R and &2 be the mean matrix and the total variance of
a random matrix R, i.e.,

5 - (2](R-R) o (R - )]).

The aim is to approximate the distribution of R with an IW,
whose parameters, Ry and vy, fulfill the moment matching
conditions. Conditioned on the class, the specific IW mixand,
and the data up to time k, the random matrix R can refer
either to Ry, (update) or to Rj1 (prediction). The conditional

(43)
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moments of Ry, can be computed® as in Appendix I-A while
those of Rj,; can be evaluated as in Appendix III. The
following subsection details the equation systems that ensure
the moment matching.

A. Relation between IW parameters and moments of R

The relation between the IW parameters and the moments
of R are based on the real and complex IW moments
expressions [15], [19], [46], [47]:

_ Riw
viw—me—1" R c Smc
52 = 3 2R2, (i) ++
o° = .
i=1 (viw—me—1)2(viw —me—3)’
p_ _Riw
viw —me’ R c H™
52— Emc R, (i) ++
T tai=1 (viw—me)? (viw —me—1)°

Using the previous equations we can easily obtain the expres-
sion of the IW parameters for both real and complex matrices:

viw =me+3+ =30 R2(i,4),
Rrw =R (2 + ﬁ Yo Rg(z,z)) ,
viw = me + 14+ 557 R (i, ),

Rw=R (1 + LY éQ(i,z‘)) ,

me
R ST,

R c HYs.

APPENDIX III
PREDICTION STATISTICS EVALUATION

In this subsection, guidelines for the evaluation of the
prediction statistics are provided, as required for the moment-
matching-based IW approximation of the integral in the last
equality of (27). To this end, two covariance classes are
considered, corresponding to the models

fo.(R) = Ajdiag (R)Al, Cp=j, je{1,2},
where if Cy, =1 then R € ST} and m; K; = m; otherwise
if Cy, =2 then R € H['} and my K3 = m. In the following,

both the mode n and the observations Z.; are assumed fixed;
also, all expectations are conditioned to (Ci41,Ch).

A. Switch between Cy, =1 and Cy1 =1
In this case, assuming v > 0, we have

R
Ry 1|Cry1,Cr, Ry ~ W <Rk+17 Vkﬂ/> ;

R|Cy ~IW (le ﬁ[Wy/V\IW) ;

where Ry, is conditionally independent of C1 given C}. The
conditional moments of Ry are given as follows

Rrw

R=E [Rpt1] = E[E [Ry 1| Ry]] = Grw —mi—1)° (44)
Urw —mq — 1)
52 = Z (E [Ri-l-l (ia Z)] - E2 [Rk+1(i, Z)D . (45)

%In the update step, the moment matching approximation is most useful
when model (42) does not hold; otherwise, the exact forms of Appendix I can
be used to compute the moments.

Hence, from the expressions of the moments reported in [46]
it follows that

5 o 2 2
E[Rk-‘rl(l’z)] - (1+y ﬁlw—m1—3+1
Riy (i)
X — . 46
(V]W —my — 1)2 ( )

Thus, exploiting (44), (45) and (46), we obtain

= [(+3) G )

mi N 1
X R3y,(1,7) | = :
<; IW( )) (VIW —my — 1)2

(47)

B. Switch between Cy, =1 and Cj41 =2

We have:
Ko—1 mo
D[g(Ry)];
R 11|Crqr, O, R ~ W (Rkﬂ, > [g(VK’;)L,V> ;
i=0

Ry |C) ~IW (Rk, ﬁfw,ﬁzw) )

where Ry, is conditionally independent of C}; given Cj, and

g(Rk) 1421dlagK1 (Rk) 14217 A21 = A2_1A1,

Note that the matrix ZK2 ! D [g(Ry)];", involved in the

Wishart distribution of Ry, considered before, is defined
according to a sort of ML-based projection. Precisely,
Ky—1

ZD (Ry) m2> Al

represents the covariance matrix within the second class that
maximizes the likelihood function given the actual covariance
observed at the previous scan, i.e., Aidiagy, (Ry) AI. Let us
now evaluate the statistics of Ry1|Ck11,Ck. Based on [15],
[19], [46], [47] and exploiting the linearity of the operators
DI[-]7"* and g(-) we have

K2

Asdiagy, (

Ko—1

oy ()"
R=E[Rinl = e

ma

o* = Z (E [Ri+1(i,i)] -

i=1

E? [Ry1(i,9)])

where
E (R (60)] = E [E [Rf, (i.0)| Ry]] -
According to [47], it follows that

Ky—1

ZD (Ry)|}

[Rk+1(Z i \Rk (
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ﬁ1W(i1, i2)1§1w(h17 hs)

2ﬁlw(ih i2)ﬁrw(h17 hs)

E [Rk(il, ig)Rk(hl, h2)} = (ﬁIW —my — 1)2

ﬁfw(il, hl)ﬁIW(i27 ha) + ﬁIW(il, h2)ﬁ1W(h1, i2)

(Trw —ma)(Urw —ma — 1)2(Urw — mq — 3)

(48)

Trw —m)@rw —ma — 1) (Urw — ma — 3)

In order to proceed, let now assume A;l =lay,...
observe that

D [g(Ro)]} (1,1) = al, ., diagy, (Ri) @rsnm,

:ﬁ(Rk

,am] and

e=0

Hence,
1 Ko—1 ‘
<K2 > Dlg(R" (i z‘)) ~ Tt (RuB').
h=0
where
1 Ky—1K1—1 -
i T

As a consequence,

E[R}(i,i)] = (1 + i) E [(Tr (RkBi)ﬂ

= (1 + i) Vec (BiT)T ER, vec (BiT)

where Eg, = E [vec(Ry,)vec(Ry,)”] can be computed via
(48). Thus

f(n (RawB))’
Zf(la,W I

1
ol = (1 + V) Tr (Eg,B) —

with

mo ) ) T
B = Zvec (BzT) vec (B"T)
i=1

C. Switch between Cy, = 2 and Ci4q1 =1
We have:

Ki—1
R C Cy, Ry, ~ R —_— D[g(R;)]™
k+1|Crt1, Cr, Ry, W( k+1,VK1; l9(Ry)]; ,V>7

Ry|Cy ~IWV (ﬁlwﬁzw) ;
where Ry, is conditionally independent of Cj; given C} and
g(Ry) = R{Apdiagy, (R) AL}, A= A7'4s.

Also in this case, the scale matrix of the Wishart distribution is
related to the ML-based projection discussed in Appendix III-B.
Let us evaluate the statistics of Ryy1|Ck+1,Ck, leveraging

Ki—1 my
Z D {al+hm2 a;rJrhmz} . :

the expressions of the moments of interest given in [15], [19],
[46], [47] and the linearity of the operators D[-]"* and g(-):
Ki—1 R
>0l (Raw)]
i=0

K1 (Vrw —ma2)

mq

g

R=E[Ry1] =

Given that the computation of the total variance is similar to
the previous case, we report below only the final expression:

1 2
ZTr RywB'
52— (1 + i) Tr (ERkB> - ( - )

i=1

(Vrw — ma)?
with
my
B = ZveC(BiT)Vec(BiT)T,
i=1
_ | KKl . -
B = ?1 ]—;} ; b |:di+h7nld-{+hmlj|e ’

AIQ =[a1,...,amn] ,ERk =FE [Vec (Ry) vec (Rk)T} )
where E~Rk can be evaluated according to (49).

D. Switch between Cy = 2 and Cy11 = 2
We have:

R
Ry 1|Chi1, Crs Ry ~ W (Rk-+17 Vk7V> )

Ri|Ci ~ TW (R, R, 01w ) .

where R}, is conditionally independent of C1 given Cy. The
moments of Ry1|Ck11,Ck can be computed as done for the
previous cases. We report in the following the final expressions:

~ R
R=E[Rp]==—""
1>.

Urw —ma’

o SIRRG0) (L4 2) P~ ma)
(Vrw — ma)? Viw —mg — 1

For an arbitrary class model, MCM can be possibly

exploited to evaluate the moments of interest. Precisely,

let YO, § = /1\,...,Mc, be i.i.d. random matrices drawn

from ZW(Y; R(7l’c’“); Uie(n,Cy)). Then, generating M.

k|k
independent random matrices Rl(;}rl, i = 1,...,M,., ac-
cording to P(Ri11|Cri1,Cr, Y ), it follows that, R,(;ll,
t=1,..., M, are i.i.d. and distributed as the integral in the
last equality of (27). Hence, as done in the Appendix I-A the
samples R}, ,,i=1,..., M., can be exploited to estimate the

desired moments to use in the moment matching procedure.

E. General prediction model
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~ N 1 ~ . ~ .
Ryw (i1, io) Riw (h, ho) + 5 ———Ryw (i1, h1) Riw (i2, ho) 49)

E [Ry(i1,i2) Ri(h1, ho)] =

(/V\[W — m2)2 -1
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S + BIC(C=1)
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Fig. 3. Performance analysis and comparison with other approaches of the proposed MC-IWM filter in terms of classification capability (a)—(b) and ICM
estimation error, in decibel units, (c)—(d). Panels (a) and (c) refer to the simulation study reported in Sec. V-B, while panels (b) and (d) to the experiment
described in Sec. V-C. The background color represents the true environment class over time; in panels (a) and (b), for each time instant, a correct classification is
represented by the highest marker’s color being the same as the background; at each time scan k the class with highest probability is selected and then decisions
are averaged over all Monte Carlo runs. The white noise power level is set to 02 = 0dB; the statistical properties of the sea clutter are CNR(®) = 20dB,
p(¥) = 0.8, p(®) = 2, and fc(s) = 0.2; the statistical properties of the land clutter are CNR® = 30dB, oM =0.999, p® =1 and fc(l) = 0. The fixed
interference matrix P in class 3 is a diagonal matrix with diagonal components set to [40dB, 36.7 dB, 33.3dB, 30dB, 26.7dB, 23.3dB, 20dB, 0]. The
MC-IWM filter adaptation rate 7 is set to 5. The forgetting factor A of the KB-RLS and KB-RLS-P approach is set to 0.99 in the land and sea regions and
linearly increases from 0.5 to 0.99 in the transition transition regions. Results are averaged over 100 runs; m is set to 8 and N to 16.
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