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Abstract

This Ph.D. work is based on the investigation of the phenomena involved
in the bio-tribology of the synovial replacements. The synovial joints are the
natural articulations of the human body linking two bones, providing
minimum friction and ensuring a high range of motion between them.

When the natural joint suffers from articular diseases, a surgical procedure
of replacement is often required: the artificial implant realized with
biomaterials that is going to substitute the unhealthy joint has to guarantee the
same functionality of the replaced one while ensuring the maximum duration
and then the minimum implant wear.

Hence, an accurate tribological characterization of the prosthesis is needed;
the scientific community is going to move from the experimental
characterization (in vitro) to a numerical simulative one (in silico), in order to
have fast and cheap computational tools during the design and the wear
prediction phase: this aspect requires a deep knowledge of the
physical/mathematical description of the problem.

With these foundations, this Ph.D. work is moving following two parallel
investigations regarding in particular the Total Hip Replacement:

e the assembling of a multibody model capable of simulating the
inverse kinematics and the inverse dynamics of musculoskeletal
systems, in order to have a generator of tribological configurations
(load and relative motion) for the analyzed joint due to a selected
musculoskeletal motion;

e the realization of a tribological model able to simulate the
lubrication/contact regime of the analyzed tribo-system in terms of
lubricant/contact pressure, surfaces’ deformation and separation,
wear depth, load and friction torque due to a certain relative motion
between the articulated surfaces.

The developed numerical models related to both the investigations are
conceived in Matlab® computational environment and have to communicate
in order to obtain a global tool that characterizes the biotribological
performance of a synovial replacement due to an overall musculoskeletal
physical activity.



The main goal is to provide the basis of the numerical modelling in this
framework and to make the realized codes more and more accurate by
adopting advanced numerical techniques (non-linear solvers, minimization,
Finite Difference Method, Finite Element Method, Boundary FElement
Method, random fractals generator, Differential Algebraic Equations, etc.)
and by the validation with respect to experimental/in vivo measurements or
empirical benchmarks.



Introduction

This work finds its motivations and practical applicability into the context
of the wear assessment of human prostheses.

It is established that nowadays the need of the replacement of an unhealthy
human articulation is growing among the population and across the ages, in
fact it is required by both elderly and young people, where the first are mainly
subjected to articular pathologies or simply ageing, while the seconds,
especially high-performance athletes, are stressed by intense physical
activities: in both cases the articular pathology could lead to the articulation
non-functionality, pain and related diseases, reason why a complete or partial
substitution of the unhealthy joint with an artificial implant is often necessary
through a surgical procedure. Furthermore, the implanted prosthesis is
subjected to wear during its functioning over its life, so there could be the
possibility of a revision surgery in order to restore the implant surfaces, so the
period between the replacement and the revision surgeries has to be
maximised, of course based on investigations depending on the particular
patient (Ciccarelli et al., 2024).

It is evident the cruciality of the role played by the tribological phenomena
governing the implant conjugated surfaces’ interaction: the complex of
contact, lubrication, roughness, relative motion, load, surface geometry,
texture, material mechanical response and so on, is decisive with respect to
the resulting implant wear and so to the prosthesis duration, then, it is
mandatory to analyse these phenomena both in the design and the verification
phases concerning the prosthesis study (Fisher and Dowson, 1991).

In order to highlight the tribological framework in which the artificial
joints work, the natural lubrication of the human articulations is discussed in
the following.

The human articulations are the linking between conjugated bones, then
they are responsible for the skeleton integrity and also for its mobility. The
surfaces of the bones linked by the articulation are covered by cartilage, i.e.,
a connective tissue in which some constituting cells called chondrocytes are
responsible for the production of collagen fibers; the latter are filaments made
of proteins (the collagen) characterised by high traction resistance, so, based



on their density in the cartilage and on their orientation with respect to the
conjugated surfaces, three types of human joints are discriminated (Nordin
and Frankel, 2001) (Figure 1):
o Fibrous joints
They are characterised by a high collagen fibers density mostly
oriented normally with respect to the conjugated bony surfaces, so the
bones linked by a fibrous joint are substantially fixed, i.e., there is no
relative motion between them; examples of human fibrous joints arethe
sutures between the skull bones and the lower tibiofibular junction
rigidly connecting the tibia to the fibula;
e Cartilaginous joints
They are characterised by a lower collagen fibers density than the
fibrous joints, so they allow a limited relative motion between the
linked bones; examples of human cartilaginous joints are the
intervertebral disks and the manubriosternal joint which give the
necessary mobility to, respectively, the spine and the thoracic cage;
o Synovial joints
They are the human joints offering the highest Range of Motion (RoM)
between the linked bones, thanks to a cavity separating the surfaces
and filled by the synovial fluid, i.e., the natural lubricant of the
articulation, and to the mostly tangential orientation of the collagen
fibers with respect to the conjugated surfaces, which are able to absorb
the shear stresses produced by the sliding surfaces; example of
synovial joints are the high RoM articulations of the upper limb, e.g.,
shoulder, elbow and wrist, and of the lower limb, e.g., hip, knee and
ankle.

Fibrous joint Cartilaginous joint Synovial joint

Normal Collagen fibers density and orientation Tangential
with respect to the linked surfaces

Range of motion

Figure 1 Human joints typology

The articular cartilage covering the bones linked by a synovial joint shows
a stratified structure (Figure 2) in which, going from the superficial zone
exposed to the cavity towards the bone, the collagen fibers increase in density
and tilt their inclination orienting mostly normally with respect to the
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underlying bone in the deep zone, so that here the calcification occurs, i.e., the
transition from cartilage tissue to bony structure. The space separating the
cartilage conjugated surfaces is surrounded by the synovial membrane which,
thanks to the cartilage porosity, supplies the synovial fluid to the cavity, so it
provides for its lubrication and nutrition and also it is able to expel waste
products outside the synovial environment. The whole synovial joint structure
is kept in position by ligaments connecting the bones.

Articular cartilage

Tangential
Cartilage superficial zone

Transition zone Collagen fibers

orientation
Deep zone and density

Bone

Normal

Figure 2 Articular cartilage structure

The natural lubrication of the synovial joint (Figure 3) is governed by
complex lubrication regimes which combine in space and time providing a
very low friction coefficient and establishing the synovial joint as a very
effective tribo-system in the framework of the human musculoskeletal system
(Dumbleton, 1981; Nordin and Frankel, 2001).

The main classification distinguishes the full-film and the boundary
lubrications modes, where the first ones are generated when the surfaces are
completely separated by the synovial fluid lubricant meatus and the second
ones work at the cartilage-to-cartilage contact level.

In the full-film mode the articular surface lubrication is given by:

e the relative motion between the surfaces which can be tangential
(sliding effect) or normal (squeeze effect); in this case the
Hydrodynamic Lubrication (HL) results in the lubricant pressure
rise due to the sliding fluid carried along the converging zones of
the meatus and to the surfaces’ approaching motion that squeezes
the lubricant out of the contact;

o the deformability of the cartilage bulk; when the load acting on the
articulation increases, the synovial lubricant pressure becomes so
high that it deforms the articular cartilage providing the survival
of an ultra-thin lubricant film that ensures the surfaces’ separation
and the minimum friction, establishing the so-called Elasto-
Hydrodynamic Lubrication (EHL).

The full-film synovial lubrication modes are governed by the lubricant
rheological properties (in particular its viscosity) and by the relative motion;
when the load acting on the articulation is too high or the surfaces’ relative
motion is too slow, other lubrication mechanisms depending on the chemical
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properties of the synovial fluid take place in the so-called Boundary
Lubrication; the synovial fluid is an ultrafiltrate from blood and its
constituents, in particular the hyaluronic acid macromolecules and the lubricin
proteins, provide the lubrication effect:

in the Mixed Lubrication (ML) regime, when the cartilage surfaces
touch due to the too high load that breaks the continuity of the
synovial fluid meatus, the direct cartilage-to-cartilage contact does
not really happens because of a layer of lubricin coming from the
synovial fluid that covers the cartilage surfaces and sticks to it,
ensuring the lubrication effect even in this highly loaded
configuration;

a particular synovial Boundary Lubrication (BL) mode is the
Boosted one that occurs when the surfaces are approaching
towards each other with high velocity; the high squeeze produced
by the normal relative motion of the surfaces constrains the
synovial lubricant to be filtrated within the porous cartilage matrix,
where a chemical reaction between the synovial fluid hyaluronic
acid and the cartilage collagen fibers produces a gel-like substance
that is successively exudated during the weeping phase, i.e., the
negative squeeze motion produced by the surfaces moving away
from each other that sucks in the gel in the synovial cavity that
goes to cover the cartilage surfaces increasing even more the
lubrication effect during direct contact.

Thanks to the natural lubrication modes described above, the synovial joint
is characterised by minimum friction and wear.

Hydrodynamic

Elasto-hydrodynamic

Cartilage deformation

Full film Boundary

Squeeze

Mixed

~ Lubricin

é e

High
Boosted | squeeze
3 ¢

Exudat|0n| Weeping

: .‘".':

Filtration and gel production

Figure 3 Synovial lubrication mechanisms
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The above beautiful and effective natural lubrication modes are
compromised when the cartilage deteriorates because of articular pathologies
or ageing: the partial absence of cartilage in the synovial cavity turns into
direct bone-to-bone contact and consequent wear, tissue inflammation, loss of
mobility, pain and various disease: generally, a total or partial synovial
replacement is needed (Figure 4). The replaced implant has to be designed and
manufactured with biomaterials demonstrating biocompatibility with the
articulation synovial environment and it has to guarantee stability, mobility,
load carrying capacity, lubrication, low friction and low wear in order to
enhance its longevity.

Figure 4 Synovial prosthetics examples

This work was based on the particular application represented by the Total
Hip Replacement (THR).

The hip joint (Mattei et al., 2011) is a synovial articulation linking the
pelvis and the femur bones over a spherical-like surface (Figure 5), so it is a
ball-socket or spherical joint allowing three relative rotations: defining the
Anterior/Posterior xp, the Proximal/Distal ypp and the Medial/Lateral zyy,
hip axes, the three relative rotations are called respectively
Adduction/Abduction 0,,, Internal/External Rotation 6;gzg and the
Flexion/Extension Opg. During a physical activity moving the whole
musculoskeletal system, each joint is subjected to a loading configuration
resulting from the combination of inertial effects, external actions and
muscular actions: in the hip case, the load supported by the joint (the norm of
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the vector composed by Npp, Npp and Nyp) is generally a multiple of the
Body Weight (BW), e.g., 4-5 BW during a simple activity like walking or 6-
10 BW during the running and even more during the jumping.

ypD

O1er

Pelvis bone

ZML

Femur bone

Figure 5 Hip joint system

The hip high RoM and intense loading make the hip joint a highly stressed
articulation that provides for the stability and the mobility of the whole
musculoskeletal system: as a consequence, also the THR is subjected to the
same kinematics and dynamics conditions, so its tribological and mechanical
design has a significant impact.

The THR (Figure 6) is composed by the acetabular cup fixed to the pelvis
acetabulum through a metallic back and by the femoral head fixed to the femur
through a metallic stem.
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Figure 6 Total Hip Replacement

The biomaterials actually used in the framework of the Total Hip
Arthroplasty (THA) regarding the conjugated surfaces of acetabular cup and
femoral head are (Aherwar, Singh and Patnaik, 2015; Zivic et al., 2017;
Merola and Affatato, 2019):

o Metallic

Titanium alloys (Ti), Cobalt-Chromium (Co-Cr) alloys and Stainless
Steel (SS) are characterised by a moderate corrosion and wear
resistance but the metal ions coming from the debris and spread
through the synovial membrane could lead to osteolysis;

e Polymeric

Ultra-High Molecular Weight PolyEthylene (UHMWPE) and Cross-
Linked PolyEthylene (XLPE) are introduced thanks to the good wear
resistance and mechanical properties that can be enhanced through
polymer treatments;

o Ceramic

Alumina, Zirconia, Zirconia-Toughened Alumina (ZTA) are well-
known for the high hardness, toughness and very low wear rate, while
presenting the risk of fracture.

Based on the particular subject age and activity level and also on the
desired properties to give to the prosthesis, several choices can be made of
both Hard-on-Hard or Hard-on-Soft implants typologies, e.g., Co-Cr head
against UHMWPE cup, ZTA head against XLPE cup, etc. Clinical reports
showed that Polyethylene and Ceramic solutions offer the best performance
in terms of wear rate and longevity (Merola and Affatato, 2019).

Together with the clinical reports, information about the implants’ wear
rate can be obtained experimentally: the in vitro approach consists into
simulating the loading and the relative of motion operating conditions referred
to a THR through a tribometer, like the hip simulators (Figure 7) or basic
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reciprocatory and rotatory tribometers in both dry and wet conditions (Essner,
Schmidig and Wang, 2005; Affatato et al., 2009). The hip simulators have to
be able to reproduce the spherical joint triaxial loading and motion and it can
be run for millions of cycles in order to provide an estimation of the implant
material loss over years; furthermore, other outputs can be obtained like the
coefficient of friction and also topological measurements. The duration of the
experiments and the complexity of the involved machines make the in vitro
approach very reliable but at the same time very expensive from both time and
money consumption points of view.

Figure 7 Hip tribometer simulator

With the growing performance of the calculators, the same operating
conditions can be simulated numerically through the assembling of models
describing the mathematics and the physics of the analysed phenomena: the
in silico approach establishes as a very powerful approach theoretically able
to simulate all the desired operating conditions and complex configurations
while limited by the physical accuracy of the developed models and by the
computing time depending on the particular calculator. The best possible
outcome is represented by the cooperation between the in silico and the in
vitro approaches, where the first ones can be validated by the second ones
(Mattei et al., 2011).

As discussed until now, it is clear that what happens at the interface
between the conjugated surfaces of a joint is strictly related to the tribological
state (lubrication, contact, wear, etc.) resulting from the joint operating
conditions of loading and relative motion, while the latter are the result of the
kinematics and the dynamics of the global mechanical system that the joint
belongs to: then, from the in silico perspective, it would be very useful to
develop numerical models that, starting from the kinematics of a
musculoskeletal system, are able to provide the analysed joint operating
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conditions and then to elaborate them in order to simulate the tribology of the
joint, so that the practical outcome of wear estimation can be conducted with
a fully dedicated customizable computational tool (Figure 8).

Musculoskeletal mechanics

model

Joint tribological
model
: ﬁ
Joint load H
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Joint relative motion @ |
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| \
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Figure 8 In silico perspective for the joint wear estimation

The above was the current objective of this work and it was characterised
by the parallel study of the two related main topics, i.e., the development of
musculoskeletal mechanics and joint tribological models: these topics are
generally addressed by assembling Multi-Body kinematics and dynamics
simulators and by numerically solving the Partial Differential Equations
(PDE) related to the lubrication/contact of tribo-systems; the scientific
literature in this framework made significant efforts to obtain reliable results
and laid the foundation for other researchers to prosecute and deepen the
investigations.

State of the art and proposed approaches

In this section, a review of the scientific literature associated to the
presented framework is conducted and the approaches proposed by the author
in this work are placed along the studies developments.

In order to introduce the significant scientific community achievements,
the basic concepts regarding the analysed topics are qualitatively introduced
in the following.

Starting from the mechanics models, the musculoskeletal system (Figure
9) can be viewed as a set of rigid bodies (the bones) linked by joints (the
articulations), moved by actuators (the muscles) and subjected to external
force fields (gravity, environmental actions like the ground reaction forces for
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the lower limb case, etc.); in this sense, the Multi-Body mechanical system is
described by a set of equations that communicate in order to describe its
configuration in terms of kinematics (position, velocity and acceleration) and
dynamics (actuation forces and joint reactions).
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Figure 9 Musculoskeletal system

Once the Multi-Body system is defined through its Lagrangian coordinates
q, i.e., parameters able to describe its bodies’ position and orientation in the
space, and its Degrees of Freedom (DoF) d, i.e., the independent coordinates
that univocally determine the pose of the whole system, a set of constraint
equations @ in (1) governs the relations between q and d, based on the joints
kinematical behaviour; furthermore, the Equation of Motion (EoM) E of the
Multi-Body system in (1) relates the Lagrangian coordinates q and their time
derivatives (velocities q and accelerations ) to the driving forces f and the
joint reactions A (Abdullah er al., 2024).
(E@adf0) =0 W
®(q,d)=0
The process that leads to the evaluation over time of the DoF d knowing
the driving forces f is the Forward Dynamics: in the applications like the ones
analysed in this work where the driving forces f have to be evaluated by
knowing the kinematics provided by the DoF d, the solution of the constraint
equations and of the EoM is given by the inverse dynamics (let note that in
both verses the joint reactions A and the Lagrangian coordinates q are outputs
of the evaluation). When the analysed mechanical system is a musculoskeletal
one, the driving forces are provided by the muscles, so the muscular actuation
system has to be modelled in order to relate the generated forces to the muscle
activation levels: since the number of muscles is redundant with respect to the
possible movements offered by the articulations, the modelling of the
muscular actuation system has to take into account a recruitment criterion that
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optimally decides what muscles and with which intensity have to activate to
produce the known kinematics (Sharif Shourijeh, 2013).

The scientific literature produced several research in the framework of the
biomechanics of musculoskeletal systems and the same was done in case of
joint replacements; several research questions arose for a wide set of
applications and in the following some significant examples are listed.

In (Quental et al., 2013) the authors focused on the differences exhibited
by an upper limb musculoskeletal system with reverse shoulder prosthesis
with respect to an anatomical one: they investigated the shoulder replacement
location and geometry effects on the resulting muscles’ lengths, forces and
joint reactions.

In (Schwarze et al., 2013) the authors investigated the reliability of a Multi-
Body model of the lower limb referred to people with above knee amputation
equipped with a socket prosthesis: through the model they evaluated the loads
acting at the socket interface level and compared them with the ones acquired
by sensors applied on six subjects who were monitored during walking in gait
laboratories.

In (Cosenza, Niola and Savino, 2018) the authors aimed to give the basis
to the development of artificial hands by discussing the Multi-Body theory
and the contact mechanics principles in the context of the hand grasping
ability.

In (Silva, Pereira and Martins, 2011) the authors wanted to implement the
physical tiredness into a Multi-Body model considering a fatigue tool into the
used muscle model, considering its actuation force time history: with
reference to the upper limb, they investigated how the muscles’ activation
increases over time and how the number of recruited muscles varies due to a
force production capability loss.

In (Silva and Ambroésio, 2003) the authors provided a wide and
comprehensive review of the main techniques and approaches to solve the
inverse dynamics of musculoskeletal systems, describing the strategies to
model the joint behaviour, the muscular tissue dynamics and the physiological
recruitment criteria involved into the muscle force evaluation: they developed
and tested a reliable full body musculoskeletal system moving with the gait
kinematics.

In (Curtis, 2010) the authors demonstrated the potentials of the Multi-Body
analysis to describe problems in the framework of the craniofacial
biomechanics for both human and non-human applications focusing on the
biting dynamics and its effects on the temporomandibular joint.

In (Duprey et al., 2017) the authors listed and discussed several techniques
to perform inverse kinematics optimizations, i.e., the evaluation of a
musculoskeletal system DoF by knowing the trajectories of skin-applied
markers, focusing on the reliability of the optimization tools with respect to
the motion of the skin soft tissues the marker sensors are applied to, which
generally provides errors during the calculation.
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In (Huynh et al., 2013) the authors exploited the Multi-Body simulations
in the context of the seating systems comfort and of the surgical field,
developing an interesting model of the human spine by considering the linked
intervertebral discs as a series of revolute joints.

In (Quental, Folgado and Ambrosio, 2016) the authors analysed the
optimization techniques to evaluate the redundant muscle forces: they moved
from a static optimization, i.e., performed each time instant, to a dynamic
optimization which considers the time history of the muscles’ activation.

In (Quental et al., 2018) the authors compared four different muscle
modelling strategies based on the results of muscles’ activation referred to an
upper limb musculoskeletal system: they evaluated the reliability of the
muscle models analysing in vivo muscles’ activations and glenohumeral joint
reactions finding satisfactory matchings and negligible differences regarding
the different strategies.

With respect to the existing literature, the authors often focus on a couple
of steps of the musculoskeletal simulation, since their aim is to provide
deepening on the usage of a particular technique or modelling strategy or to
investigate the consequences of a particular musculoskeletal property: in this
context, the work proposed in this thesis aims to develop a comprehensive
simulator that follows the whole path starting from marker trajectories and
ending with muscle activations and joint reactions, i.e., the concatenation of
inverse kinematics and inverse dynamics solvers within a self-made code that
takes into account minimization strategies, non-linear constraint equation
solvers, straight and curved muscle modelling, etc.; in the author opinion, this
would constitute a useful computational tool providing the tribological
operating conditions referred to a joint belonging to the system in terms of
loading and sliding motion, strictly dependent on the particular
musculoskeletal system properties given as input: basically, the developed
Multi-Body code represent the biomechanics simulator needed to conduct a
successive biotribological analysis (Ruggiero and Sicilia, 2020b, 2022a,
2022¢); the code is written in Matlab® computational environment, so it is
fully controllable and it can be easily modified to implement possible
modelling advancements.

Again, the Multi-Body results interesting for the joint tribological design
are the joint relative motion and load coming from the Lagrangian coordinates
q and the joint reactions A: the basics of the tribological numerical evaluation
in this framework rely on the HL Reynolds equation (Reynolds, 1886) in (2)
which, in its original form, describes the lubricant pressure field p rising
mechanisms within the meatus gap h due to the rigid surfaces’ tangential
velocities U and W (velocity vector U), to the load N and to the lubricant
viscosity p (Figure 10).
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Figure 10 Reynolds equation tribo-system reference frame

Along the time t and over the analysed domain x (which is the contact
plane xz), the gap h is the result of the geometrical gap g and the rigid normal
approach between the surfaces 6, while the load N is instant by instant
balanced by the fluid pressure p integral over the lubricated area (2 (Lombera
Rodriguez and Tello, 2019) (eq. (2)); generally, the time-varying input of
surfaces’ tangential velocities U and load N are given and the rigid approach
0 is unknown, but there are also applications where the latter is given, so, in
that cases, the load balance equation is useless and it can be considered in a
post-processing phase.

(v (2 ) v oy + 2
12a7P) =V (D + 5
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Moving towards the tribology research, an equal wide effort can be
observed in terms of investigated topics, modelling strategies to investigate
more complex regimes and simulative numerical approaches.

In (Jin and Dowson, 1999) the authors developed a numerical model to
simulate the HL of Hard-on-Hard hip joint replacements under walking
operating conditions: they verified that a small lubricant film thickness
survives thanks to the realisation of a dimple on the acetabular cup if it is deep
and close to the direction of the resulting load.

In (Ramjee, 2008) the authors realised an HL model of the THR and they
supplied it with the walking cycle operating conditions: they demonstrated
that the squeeze effect due to the femoral head eccentricity within the
acetabular cup is dominant with respect to the sliding effect provided by the
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relative angular motion; furthermore they verified that the THR during
walking early undergoes in a contact configuration unless a better lubrication
is provided by increasing the viscosity or the femoral head radius.

The high load acting on the THR suggests that the joint lubrication regime
is not hydrodynamic, so EHL and ML models have to be developed; the
consideration of the surfaces’ deformability implies that a deformation
contribution dependent on the pressure has to be included into the gap
equation: this introduces a non-linearity into the Reynolds equation that has
to be handled with numerical iterative solution methods. Before introducing
some literature EHL and ML models, let see what deformation models are
established in the THR context.

A Hard-on-Soft implant deformation can be evaluated by neglecting the
deformability of the much harder material (that generally constitutes the
femoral head bulk, which can be metallic or ceramic) with respect to the softer
one (generally a polymeric material constituting the acetabular cup); in this
case the deformation of the softer acetabular cup is evaluated assuming that it
is everywhere proportional the to the local pressure through a constant
coefficient depending on the cup mechanical and geometrical properties: this
deformation model is generally called “constraint column” or “independent
spring” model and it is widely used in literature for Ceramic/Metallic-on-
Polymer implants (Jalali-Vahid and Jin, 2001; Jalali-Vahid et al., 2001a,
2001b; Jalali-Vahid, Jin and Dowson, 2003).

Another local and proportional approach used in the framework of Hard-
on-Soft implants is represented by the elastic foundation deformation models,
which consider the softer surface as composed by a set of parallel springs,
where the latter can show in general a different stiffness (Fregly, Bei and
Sylvester, 2003; Halloran et al., 2005; Pérez-Gonzalez et al., 2008; Mukras et
al., 2010; Srivastava, Christian and Higgs, 2021).

When the implant is composed by materials with similar mechanical
responses, the local deformation is no longer given only by the local pressure,
instead it is dependent also on the pressure acting on the surroundings; in this
case two approaches are generally used:

e when the boundaries of the bulks are very far away from the
conjugated interface, then the implant bodies can be viewed as
half-spaces, which the interface deformation is the result of a
convolution of the acting pressure field; in the THR case the
convolution has to be adapted to the spherical geometry of the
prosthesis (Evans and Hughes, 2000; Jagatia and Jin, 2001; Wang
and Jin, 2004b, 2004a, 2008; Wang et al., 2009; Gao, Dowson and
Hewson, 2015);

e when no geometrical assumption can be made on the implant
bodies, it is necessary to conduct a Finite Element Method (FEM)
simulation, which gives accurate deformation results at the
expense of a heavy computational burden due to the full spatial
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discretization of the implant bulks even if the lubrication calculus
is performed over the interface (Jagatia and Jin, 2001; Halloran et
al., 2005).

Once the deformation model is chosen and implemented into the EHL
Reynolds solver, the simulations can be conducted to answer to several
scientific questions.

In (Wang and Jin, 2008) the authors developed an EHL model for metal-
on-metal THR investigating the effects of the acetabular cup inclination and
of the lubricant viscosity on the implant tribological outcomes.

In (Gao et al., 2009) the authors built a metal-on-metal EHL simulator
considering walking operating conditions and they investigated the position
of the highly deformed gap within the acetabular cup; moreover, they
demonstrated that during walking a significant squeeze effect is given by the
load horizontal components, i.e., the Anterior/Posterior and the Medial-
Lateral ones.

In (Udofia and Jin, 2003) the authors validated their EHL solver for metal-
on-metal THR by comparing the resulting minimum film thickness with
respect to the one obtained with empirical formulas gained from experimental
characterizations.

While the EHL models give information about the full-film lubrication of
the implants, the ML mode has to be taken into account, because, even during
a simple musculoskeletal activity like walking, the THR shows direct contact
zones: the numerical modelling has to consider the possibility that in some
zones of the analysed domain the gap can close and there the dry contact
pressure takes place; furthermore, in this configuration the implant wear
becomes severe and it needs to be estimated.

In (Wang and Jin, 2004a) the authors investigated the size of the contact
area response to a variation of the lubricating fluid viscosity in the context of
metal-on-UHMWPE implant.

In (Wang, Wang and Sun, 2010) the authors developed a ML numerical
model for THR with complex spherical-based geometries to predict their
wear.

Generally, the wear modelling of the THR implant is devoted to the
Archard law, which assumes that the local wear depth rate is proportional to
the product between the contact pressure and the sliding velocity through a
wear factor depending on the coupling, where the latter is generally found
empirically by hip simulators and used as a constant for the simulations: it is
worth to underline that some authors propose the modification of the wear
factor as a function of several parameters to take into account further wear
properties like:

e (Gao, Dowson and Hewson, 2015) proposing the wear factor

dependency on the ratio between the lubricant film thickness and the
arithmetical roughness in order to investigate the wear of lubricated
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contacts, providing high wear when the surfaces’ gap get close to the
coupling roughness;

e (Liueral, 2021) proposing a modification of the wear law taking into
account the effects of the UHMWPE THRs multidirectional sliding
producing different responses due to the orientation of the polymers
chains and the role of the frictional work and the contact pressure with
respect to the material loss.

Moving away from the spherical geometry of the THR tribo-system, the
scientific literature tried several approaches to address the ML problem, in
order to solve two different phenomena in the same domain, i.e., full film
lubrication and Dry Contact Mechanics (DCM).

In (Zhu and Hu, 1999; Hu et al., 2001; Zhu, 2007) the authors observed
that the lubrication Reynolds equation in EHL regime provides a steady-state
pressure field similar to the DCM solution for the same operating conditions
when the film thickness goes to zero: so, in order to model the ML regime,
they wrote a reduced Reynolds equation in which the terms related to the
lubricant flow, i.e., sliding and squeeze, are turned off when the surfaces’ gap
goes below a small tolerance.

Similarly, the authors in (Zhang et al., 2019) used a single unified
Reynolds equation valid for both the lubricated zones and the contact ones by
switching off the lubricant properties to zero in correspondence of negative
gap; furthermore, they considered surface forces due to Van der Waals
interactions between the lubricant and the surfaces, hydration and electric
double layer effects.

In (Zhang et al., 2016) the authors studied the ML of rough surfaces using
the average Reynolds approach, i.e., the asperity contact pressure is
implemented into the Reynolds equation through pressure flow factors
multiplying the flow terms that take into account the probability distribution
related to the asperity contact events; they used the described approach to
investigate the surface texture strategies on the friction coefficient of the rough
tribo-system.

In order to address the ML numerical solution, especially for rough
surfaces, a high grid resolution is needed to discretise the analysed domain: as
a consequence, the iterative approaches chosen to numerically solve the
problem have to be performant and manageable by the calculators.

In (Venner, 1992) the author laid the foundation to exploit the
MultiGrid/MultiLevel techniques in the framework of EHL solutions; the
MultiGrid approach is based on the differential equation solving on different
grid resolution level: starting from the finer grids, fast iterative methods able
to handle the high number of grid points are used to smooth the numerical
residual, i.e., the distance from the numerical solution, then on the coarsest
grid a heavy iterative method handling a poor number of grid points is used to
break down the residual resulting in a fast convergence rate. Furthermore, the
same approach is used to evaluate the half-space deformation convolution:
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since the convolution is numerically a product between a dense matrix and a
vector, the MultiLevel technique “anterpolates” the finest grid pressure down
to the coarsest grid where the summation is executed over a poor number of
grid points; then, the evaluated deformation is interpolated up to the finest
grid. Then, the minimum film thickness is found, instead of the surfaces’ rigid
approach, by executing an outer iterative cycle solving the load balance
equation: this nested cycles approach, in which the outer cycle iterates on the
approach solving the load balance equation and the inner one iterates on the
lubricant pressure solving the Reynolds equation is widely used in this
context.

In (Venner and Wijnant, 2005) the authors adapted the codes developed in
(Venner, 1992) to the transient case, replacing the minimum film thickness
with the surfaces’ rigid approach and including the approaching surfaces’
inertia into the load balance equation: with the same MultiGrid/MultiLevel
and nested cycles techniques, the authors investigated the tribo-system
response to a time-varying load input.

In (Almgqvist, Almqvist and Larsson, 2004) the authors developed an EHL
simulator in which the Reynolds equation and the gap composition equation
involving the surfaces’ deformation are solved simultaneously by updating
both the lubricant pressure and the film thickness according to a block logic
that exploited fast iterative techniques, while the minimum film thickness was
evaluated by the nested cycles approach; the authors validated their model by
comparing their results with respect to the ones obtained by a commercial
Computational Fluid Dynamics (CFD) software demonstrating very low
deviations.

In (Goodyer and Berzins, 2006) the authors highlighted the
differential/algebraic nature of the EHL problem and they used adaptive time-
stepping techniques to simulate transient conditions, while at each time instant
the MultiGrid/MultiLevel techniques and the nested cycles approach were
adopted.

Interesting crossing between Multi-Body environbments and tribological
systems were already addressed in the scientific literature in the framework of
the forward dynamics analyses of mechanisms.

In (Askari et al., 2014b) the authors modelled the artificial hip joint as a
dry tribo-system where the two bodies (acetabular cup and femoral head)
interacted by exchanging the contact force based on the surfaces’
interpenetration for the normal interaction and on the Coulomb friction force
for the tangential interaction: they investigated the friction-induced vibrations
of the implants and found that stick-slip phenomena occurring at the interface
affect the joint wear.

In (Askari et al., 2014a) the same authors in (Askari ef al., 2014b) used the
previously developed model to investigate the squeaking noise in ceramic-on-
ceramic THR during the walking cycle.
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In (Flores, Ambrosio and Claro, 2004) the authors developed a Multi-Body
model for the planar slider-crank mechanism in which the rod-slider revolute
joint was characterised by a lubricated clearance, so, based on its eccentricity,
it was able to develop internal forces due to the lubricant squeeze effect
(coming from a particular analytical solution of the Reynolds equation) and to
the contact interpenetration: they investigated the eccentricity orbit with
respect to the ideal joint case, i.e., with no clearance.

In (Tian et al., 2009) the authors used the same previous approach but, in
addition, they introduced the flexible behaviour of the involved bodies and
they compared their result with the rigid body case for several spatial
mechanisms.

The contribution of the presented literature is summarised in the Table 1,
where, for the cited references, information about the analysed tribo-system
and the related adopted numerical modelling/strategies are given concisely.

Table 1 Tribological modelling review

Authors System Model

(Jin and Dowson, 1999; THR HL simulation revealing the
Ramjee, 2008) need for EHL/ML simulator
(Jalali-Vahid and Jin,

2001; Jalali-Vahid et al., Proportional local deformation
2001a, 2001b; Jalali- THR model suitable for Hard-on-
Vahid, Jin and Dowson, Soft implants

2003)

(Fregly, Bei and
Sylvester, 2003;
Halloran et al., 2005;
Pérez-Gonzalez et al.,
2008; Mukras et al.,
2010; Srivastava,
Christian and Higgs,
2021)

(Evans and Hughes,
2000; Jagatia and Jin,
2001; Wang and Jin, Half space deformation model
2004b, 2004a, 2008; THR suitable for both Hard-on-Soft
Wang et al., 2009; Gao, and Hard-on-Hard implants
Dowson and Hewson,

2015)

(Jagatia and Jin, 2001;

Udofia and Jin, 2003;

Halloran et al., 2005; THR
Wang and Jin, 2008;

Gao et al., 2009)
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(Wang and Jin, 2004a;

ML simulation implementing

Wang, Wang and Sun, THR the contact pressure from the
2010) surface overlapping
(Zhu and Hu, 1999; Hu Rectangular ML simulation with the
et al., 2001; Zhy, 2007; system Reduced Reynolds equation
Zhang et al., 2019) Y y q
(Zhang et al., 2016) Rectangular ~ ML simulation with the‘
system average Reynolds equation
(Venne.:.r, 1992; Venner EHL simulation with
and Wijnant, 2005; Rectangular S .
. MultiGrid/MultiLevel

Goodyer and Berzins, system startegies
2006) &
(Almgqvist, Almqvist and Rectangular E.HL simulation with

simultaneous pressure and gap
Larsson, 2004) system

update
(Flores, Ambrosio and THR and DCM/HL simulation based on
Claro, 2004; Tian et al., basic the Multi-Body modelling and
2009; Askari et al., . on analytical forms of the

mechanisms

2014a, 2014b)

fluid/contact forces

From the Table 1, it is evident the wide availability of numerical tools able
to describe the tribological interaction between coupled surfaces under certain
conditions; in this work, the objective was to try the main modelling strategies
for both the THR and a general rectangular tribo-system referred to the EHL
and ML regimes; in particular, the realised simulation codes are devoted to:

the ML of the THR characterised by a proportional and local
deformation model, in which the hip loads and the angular velocities
input are supplied from the results of the Multi-Body musculoskeletal
simulator presented above, so that an estimate of the implant wear can
be obtained from a specific musculoskeletal kinematics (Ruggiero and
Sicilia, 2020a, 2022¢, 2024);
the EHL of a ball-in-socket tribo-system where the deformation model
is given by a compliance matrix obtained from a self-made FEM
calculation avoiding the interface with a dedicated software (Ruggiero
and Sicilia, 2021b, 2022b);
the ML of a general rectangular tribo-system where the surfaces are
modelled as half-spaces; in this case the couplings of ball against plane
and rough surface against plane are analysed and the results were
compared also to the respective dry regime outcomes coming from a
described DCM simulator (Sicilia and Ruggiero, 2025);
the transient EHL for a line-contact system composed by half-spaces
in which the focus is oriented to the numerical strategy to solve the
problem based on the assembling and the time marching of a DAE
system (Sicilia and Ruggiero, 2026).
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All the presented simulations were obtained by running codes written in
Matlab® environment, so they are manageable, improvable and in continuous
modelling progression.

At this point the simulative framework this work belongs to has been
presented, so the works developed by the author in this context will be
presented; this thesis contents are organised and structured along two main
chapters as follows:

XXX

in the Biomechanics chapter the detailed theory behind the code
development is presented in the sections from 1.1 to 1.6, i.e.,
constrained rigid body kinematics, Multi-Body Lagrangian
dynamics, muscular actuation modelling, optimization strategies,
etc.; therefore, the simulations conducted with the assembled
algorithm are presented in the section 1.7 referring to an upper
limb and to a lower limb musculoskeletal system, where the latter
moves following the gait cycle kinematics providing the hip
tribological operating conditions of loads and angular velocities;
in the Tribology chapter the techniques adopted to numerically
model the HL, the EHL and the ML regimes are presented in the
sections from 2.1 to 2.3; in particular, three deformation models
were presented in the section 2.2 (spring, FEM and BEM) and
several ML tools were introduced in the section 2.3, e.g., the DCM
solver to obtain starting solution guess or to compare the ML
results with, a fractal roughness generator and the strategies to
numerically couple the lubrication and the contact equations; then,
three simulations conducted with the described tools are presented
in the section 2.4, referring in particular to the ML of the THR
subjected to the Multi-Body simulator output conditions, the EHL
of a ball-in-socket joint equipped with the developed FEM
deformation model, the ML of a rectangular tribo-system (able to
consider also rough surfaces) equipped with the BEM deformation
model; finally, the last author advancement is presented in the
section 2.5, regarding the transient EHL modelling where the
coupling is regarded as a dynamical system described by states that
evolve over time according to the numerical marching of the
associated DAE system.



1. Biomechanics

In this chapter the Multi-Body theory necessary to address the inverse
dynamics of the musculoskeletal system is presented; in the final section of
this chapter, the simulation regarding the inverse dynamics of upper limb and
lower limb systems are presented, where the latter simulation investigated the
gait cycle kinematics providing the associated hip loads and relative motions
necessary to supply the successive tribological investigations.

1.1. Rigid body kinematics formulation

The dynamics of a Multi-Body system is strictly related to its kinematics,
so it is necessary to define the system’s bodies configuration in the space.

Talking about rigid bodies with reference to the Figure 11, a local reference
frame X;;Z; is associated to each involved body i, it is fixed with the body and
its origin is the body mass centre G; (actually, the origin can be any point of
the body, but choosing the centre of mass will lead to dynamical decoupling
simplifications discussed in the next): the rigid body i configuration in the 3D
space is given by the position and the orientation of its local reference frame
with respect to a global reference frame Oxyz (Shabana, 2020) (fixed in space
and time) through a set of translational parameters, i.e., the position vector t;,
and a set of rotational parameters, i.e., the orientation vector 0;; all these
information can be collected in the body Lagrangian coordinates vector q; in
the eq. (3).

qi = [;11] (3)
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Figure 11 Rigid body configuration in the 3D space

While the 3D position is a straightforward definition, the 3D orientation has
to be carefully defined. Generally, the aim is to characterize a mathematical
formulation that relates a starting reference frame Oxyz to a rotated one OXyZ.

Among the several ways to describe 3D rotations, the most common
approach is represented by the Euler angles (Shabana, 2020), which are 3
independent parameters that decompose the general frame rotation into the 3
successive basic rotations around the resulting frame axes according to a
chosen order. For example, a general 3D rotation can be decomposed as in the
Figure 12 into a rotation around the x axis by the angle «, followed by a
rotation around the new axis y' by the angle B, lastly followed by a rotation
around the new z'’ axis by the angle y: the 3 basic rotations are described by
3 rotation matrices depending on the 3 Euler angles a, B and v, i.e., Ry, Ry
and R, which the product in the chosen order provided the resulting rotation
matrix R in the eq. (4).

1 0

Ry(a) =]0 cosa —sina
|0 sina cosa
[ cosf 0 sinf]

R,B =] O 1 0 | = R@By) =Ry ()R;(BR,(Y) (4)
|—sin3 0 cosfl
[cosy —siny 0]
R,(y) =|siny <cosy O
0 0 11




Biomechanics
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Figure 12 Euler angles consecutive rotations

Another strategy widely used in the context of 3D rotations is represented
by the Euler parameters (Shabana, 2020) which allow to describe a general
frame rotation performed in one step around an axis oriented as the unit vector
¥ by an angle O: the Euler parameters are 4 numbers that can be collected into
a vector called unit quaternion; in this work the quaternion approach is chosen.

With reference to the Figure 13, going to the rotated reference frame OXyz
from the starting one Oxyz rotating around the axis oriented as the unit vector
¥ by an angle 0, the unit quaternion 0 is defined in the (5) as a function of ¥
and 0; let note that the components of the unit vector ¥ are the same in both
the reference frames and that the “unit” quaternion has unitary norm, so it is

characterised by 3 independent information.

0
CcoS—

0(9,0) = 2l 5 @Te=1 5)

Figure 13 Reference frame general rotation

The unit quaternion 0 is often seen as a complex number with a real scalar
part and a vector imaginary part, respectively, Ogo and 0y, (eq. (6)).
0

Ore = cOS—

2 > 9= eRe] (6)
~ . 0 9Im
0, = vsmE
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Defining the 3D skew operator that turns a three-element vector u into its
associated 3x3 skew matrix U and the 3x3 identity matrix I, it is possible to
define in (7) two important matrices related to the unit quaternion 0, i.e., E
and E.

0 -—u u ~
i=lu, 0 —u=—ar E®=[0m Oplt Bl o)
—uy Uy 0 E(0) =[-0), Ogel— 0]

The rotation matrix R referred to the orientation transformation can be
evaluated by knowing the unit quaternion 0: a vector u which components are
defined in the rotated reference frame OXyZ can be rotated and evaluated in
the starting reference frame Oxyz, where its components compose the vector
u by the application of the rotation matrix R (eq. (8)).

R(6) = E(0)ET(0) » u=R(0®)u (8)

It’s worth to note in (9) that the 3-column composing the rotation matrix
are the unit vectors associated to the rotated reference frame OXyz written in
the starting one; furthermore, the inverse operation that starting from the
vector u leads to the vector U requires the inverse of the rotation matrix R.

u=Rlu 9

Uz
u=Ru=[i j i(][ﬁy
Uz

Executing the product in (8) to evaluate the rotation matrix and substituting
the quaternion real and imaginary parts, after algebraic manipulation the
rotation matrix can be written in (10) also as a function of the rotation axis
unit vector ¥ and the rotation angle © within the so-called Rodriguez formula
(Shabana, 2020).

0
R(¥,0) = I + ¥sin O + 2¥? sin? > (10)

The inverse rotation in (9) can be seen as a rotation © executed around the
axis oriented as —V or as a rotation —0 executed around the axis oriented as
V: recalling the properties of a skew matrix, in both cases the Rodriguez
formula demonstrates in (11) the orthogonality of the rotation matrix R, which
allows to write its inverse as its transposed.

0
R™!=1-Vsin® + 2v? sinZE =RT
RRT =RTR =1
The orthogonality of the rotation matrix R, after a time differentiation,

shows that the rotation matrix time derivative can be obtained in (12) by the
product between R and, respectively, a skew matrix @ for the left-product and
a skew matrix @ for the right-product.

RR"=1 -» RRT+RRT=0 - RR"=—(RR") =&

R = ®R (12)

R'R=1 - R'"R+RTR=0 - RTR=—(R™R)’

(11)

I
€

I
en
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R = Rw
The vectors associated to the skew matrices @ and @ are the angular
velocity vectors of the transformation defined, respectively, in the starting
reference frame Oxyz, i.e., w, and in the rotated reference frame OXyz, i.e., ®:
both the angular velocity vectors can be obtained in (13) from the quaternion
time derivative 0.
G(8) =2E(0) > w(0,6)=G(0)6 =-G0 G=G(0) 12
G(8) =2E(0) > ®(0,0)=G(0)6=-G0 G=G(6) (13)
Two successive rotations identified by the quaternions 0; and 0, in this
order, are equivalent to a global rotation identified by the quaternion 05 that
can be evaluated in (14) by the definition of the quaternion Hamiltonian
product 4x4 matrices H and H.

T

H(®) = [e“e Ot ]= [0 ET(®) - 65=H(6,)8,
eIm eRel + eIm (14)
eRe _eirm ] — T N -0

H(8) = [elm 0. 15, |~ E'CO)] 0, = H(0,)0,

Like the rotation matrix, the Hamiltonian matrix is an orthogonal one, so

its inverse is equal to its transposed (eq. (15)).
HH"=1 - H"(0,)0;=6, (15)
AAT=1 - H"(6,)0; =6,

Another useful operation that will be exploited in the next is the quaternion
conjugation: the conjugated quaternion @, obtained by changing the sign of
the quaternion @ imaginary part, is equivalent, as reported in (16), to the
application of the conjugation matrix C to the original quaternion 0.

a eRe 1 OT eRe_‘
o=[gr ] =lo Zillon] =co (16)

In the context of the constraint equation writing, it will be also useful to
evaluate the rotation angle @ associated with a given quaternion 0 by knowing
the rotation axis unit vector V, i.e., applying the (8) angle operator defined in
(17).

ST

v'e

= (@) = 2 arctan——= 17)
eRe

Executing in (18) the time differentiation of a quaternion @ with constant

unit vector V, its derivative with respect the angle ©, 8¢, is highlighted: it will
be useful to evaluate the time derivative of the angle operator (0).

.0 . ©

R . @ — Sin— . . 1 — Sin—
e(v,@,@)=§ é =000 - 00(9,0) =3 é (18)

Vcosz VCOSE

=(0)=4036
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Also the time derivative of Og, i.c., 9@ in (19), will be used in the context

of the constraint equation writing.
0
5| cos— :
00(0,0,0) = —2|  2|=-26@,0) (19)
4. . © 4
Vsino
Despite the fourth redundant information, the quaternion approach to
describe 3D rotations is widely used in the context of mechanics thanks to
their properties in (20) that lead to several simplifications (Shabana, 2020).
EET = EET =1
ETE=ETE=1-00"T

EO=E0 =0
EO=E6=0
EET = EET (20)

GGT = —GGT = 2&
GGT = —-GGT =2
070 =1
670 =0
Once the orientation description strategy is chosen, the knowledge of the
body i Lagrangian coordinates q; allows to evaluate the position of anything
fixed to the body (Shabana, 2020): with reference to the Figure 14, if a point
P fixed to the body is located by the vector u in the local reference frame, then
its position r in the global one is a nonlinear function of the body Lagrangian
coordinates q; that can be determined in (21) by adding to the translation

vector t; the vector u rotated by the means of the quaternion ;.
r(q;) = t; + R(6))u (21)

Figure 14 Point fixed to a rigid body

Furthermore, the velocity vector I in the global reference frame of the point
P can be obtained in (22) by time-differentiating its position introducing the
6
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local angular velocity skew matrix ®; (since P is fixed to the rigid body, its
local position vector U is constant).

Recalling the skew matrices properties, the velocity of the point P in (23)
results to be a linear combination of the body Lagrangian velocities q;,
through a matrix J that depends on the Lagrangian coordinates q;.

(Az)iﬁ = —ﬁ(T)i (T)i = 6(61)61

Fayd) =1 —R(B)TG(®,)] [; (23)

] =J(q)q;
1

In order to assemble the Multi-Body musculoskeletal system EoM, the
Lagrangian coordinates q;, velocities ; and accelerations ¢; are needed:
during an inverse dynamics analysis, the latter can be found by knowing the
DoF time evolution through the solution of the so-called constraint equations.

1.2. Constrained kinematics

A Multi-Body system is given by a set of bodies linked by joints (Silva and
Ambrosio, 2003); at the joint level the relative motion between the linked
bodies occurs and, based on the joint behaviour, some relative movements are
allowed while others are suppressed: the DoF of a Multi-Body system can be
the joints’ allowed movements that univocally determine the pose of the whole
musculoskeletal system, so they are a set of parameters collected in the vector
d that produce a particular set of the involved bodies Lagrangian coordinates
q;, for each body i; the latter are concatenated into a single column vector q.

Given that a rigid body free to move in the space has 6 DoF (it needs of 3
independent translational parameters plus 3 independent rotational parameters
to describe its pose), the Multi-Body system DoF number np, is given in (24)
by the number of DoF in absence of joints, i.e., in absence of kinematical
constraints, so 6 times the number of bodies ng, minus the total number n¢ of
relative movements suppressed by the joints; as described previously, each
body pose has to be described with respect to a global reference frame, which
actually is the ground that needs to be considered as a body, so it is included
into the bodies count but, since it has no mobility, the total mobility of the
system in absence of joints is actually 6 times the bodies’ number minus one
(the ground).

np = 6(nB - 1) — N¢ (24)

In order to evaluate the bodies Lagrangian coordinates q (7 parameters for
each body, due to the quaternion usage, excluding the ground), the number of
constraint equations has to be equal to the total number of Lagrangian
coordinates. In particular, the system of equations that represents the so-called
position problem is composed by (Nikravesh and Gim, 1993; Oliveira, 2016):
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e n¢ constraint equations C imposing that the Lagrangian
coordinates  evolve by avoiding the joints suppressed
movements;

e np mobility equations D imposing that the Lagrangian
coordinates q evolve by following the joints allowed movements,
i.e., the DoF d;

e ng—1 body equations B imposing that the Lagrangian
coordinates q evolve by keeping the unitary norm of the moving
bodies quaternions.

The total number of equations concatenated in (25) into a single vector ®
is 7(ng — 1) which is equal to the length of the Lagrangian coordinates vector:
the position problem is a nonlinear well-posed equation system that can be
solved with numerical iterative techniques to evaluate for each time t the
Lagrangian coordinates q due to a given set of DoF d.

C(q,d)
dt) - @(q,d)=|D(qd)|=0 - q(©) (25)
B(q)

Generally, the constraint and the mobility equations, C and D, are written
as functions of the Lagrangian coordinates q and of the time t: in this work
the dependence on the time t is strictly due to the DoF time evolution d(t).

The velocity problem is obtained in (26) by time-differentiating the
position one, introducing the derivatives of the constraint, the mobility and the
body equations with respect to the Lagrangian coordinates g, i.e., Cq, Dq and
By, and to the DoF d, i.e., Cq and Dq.

®(q,q,d,d) = ®4(q,d)q + Py(q,d)d =0

<l>(q, qd, d) = Dq(q, d|q+ D4(q, d)] d=0
By(q) ]

The global equation system derivative with respect to the Lagrangian
coordinates @ is the Jacobian of the position problem: it can be exploited in
(27) in order to solve the nonlinear position problem with the iterative Newton
method along the iterations k.

-1
While the Lagrangian coordinates q need a nonlinear solver to be

evaluated, the velocity problem in the unknown Lagrangian velocities q is a
linear problem that can be solved in (28) by inverting the Jacobian ®¢ matrix.

4= —[®g(q, D] Pa(q,d)d (28)
The acceleration problem to evaluate the Lagrangian accelerations ¢
requires a further time differentiation of the equations, introducing the time
derivatives of the above matrices, i.e., Cq, Dq, Bq, Cd and Dd, and providing
again a linear problem in (29) solvable by direct inversion.
8
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d5=¢bﬂq+¢bqq+d>dd+¢dd=0
Cq C

. . q Ca| . [Ca].
@ =|Dq|q+|Dq|d+|p,[d+[Dg[d=0 (29)
B, By 0 0

4= -5 (Pyq + Pgd + Pyd)

The overall kinematical problem leading from the DoF d, d and d to the
Lagrangian coordinates q, ¢ and { substantially requires the analytical form
of the constraint and the mobility equations for each joint involved into the
Multi-Body system and of the body equations for each body.

Practically, as reported in the eq. (30), for each joint ] linking the bodies i
and j, the associated constraint and mobility equations C; and D; depending
on the related bodies Lagrangian coordinates q; and q; and on the joint DoF
d; have to be characterised (Nikravesh and Gim, 1993) (let note that for each
joint the sum of the constraint and the mobility equations numbers has to be
equal to 6, which is the number of the free relative movements between the
linked bodies in absence of the joint); furthermore, for each body i, the body
equation B; depending on the Lagrangian coordinates q; has to be written.

C(a;,q;,d) =0
Bi(q;) =0

The time differentiation of the above equations will provide in (31) the
matrices needed to solve the position and the velocity problem.

quqi =0

The further time differentiation of the found matrices will provide in (32)
the matrices needed to solve the acceleration problem.

. d . d . d

Coi = (qui) Co = & (an) Cay = Ed(c“l )

. d . d .

Doy = &t (Dqli) Doy = & (an) Da; = &t (D“l) (32)
. d

By, = 3 (qu)

The found single contributions constitute the global kinematical problem
into the Multi-Body space resumed in the eq. (33).
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1.3. Joints equations

In the following, the constraint and the mobility equations characterising
the joints considered in this work are presented: they are the revolute joint, the
cam joint, the spherical joint and the free joint.

During the writing of the equations some unit vectors will be used to
describe translation/rotation axes (Nikravesh and Gim, 1993; Oliveira, 2016):
these vectors will be defined in the so-called parent body reference frame
which will be conventionally chosen as the body i, while the body j will be
indicated as the child body.

10

C(ai g5, dy)
D;(q; g;, dy)
Bi(q;)
G Gy
. Dq]i Dq]j
qu oT
G Gy
) ])q]i P
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1.3.1. Revolute joint

The revolute joint, reported in the Figure 15, linking the bodies i and j
allows the relative rotation @y, i.e., the single revolute joint DoF, around its
joint axis oriented as the unit vector Vj; the joint is located by the vector uj; in
the body i reference frame and by the vector uj; in the body j reference frame.

Figure 15 Revolute joint scheme

The 3 relative translations can be suppressed by 3 constraint equations in
(34) that impose the equality of the global joint position whether written
starting from the body i reference frame or from the j one.

The remaining 2 relative rotations can be suppressed by 2 constraint
equations in (35) that impose the orthogonality, in the global reference frame,
between the unit vector V; as if it belongs to the body j and a couple of
orthogonal unit vectors Wy and Wy (unknown at the moment) as if they belong
to the body i, by ensuring that the scalar product between orthogonal vectors
is null.

(Ri#)" (Rily) = (Rj¥))" (Ri)) = 0 (35)

Recalling that the unit vector V; has the same components in both the parent
and the child bodies reference because of the single rotation allowed, the unit
vectors Uy and Wj can be evaluated in (36), referring to the Figure 16, with the
following steps:

- the known components of the unit vector ¥ can be used to evaluate
its spherical angles 6, and ¢, transformation with respect to the
reference frame in which it is defined;

11
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- the spherical angles 6, and ¢, can be exploited to evaluate the
rotation matrix R, with the Euler angles approach that leads the Vj
reference frame x axis to align with the vector Vj itself;

- by the definition of the rotation matrix, it is known that its 3 columns
are the unit vectors associated to the rotated reference frame but
written in the starting one, so its last 2 columns are the searched U

and v’\7] unit vectors.

V],
0, = arctan( )
%y \ (36)

= arctan
\’V] +V] /

sin @y,

cos By, cos @y
V] [
sin 6, cos @,

Ry = Ry(—6,)R,(9y) = [V

Figure 16 Revolute joint triplet of orthogonal unit vectors

The revolute joint mobility equation can be set by considering in (37) that
the quaternion of the child body 0; can be obtained by the orientation of the
parent body 0; followed by the relative rotation identified by the revolute joint
angle @y around its axis Vj: then, the relative quaternion can be evaluated by
the way of the quaternion Hamiltonian product and it is known that its angle

has to be equal to the revolute joint DoF through the angle operator.

C)
cos—=

2
H; = 0 - (H0;) =0, (37)
‘7] sin ?
The residual of the found relationships can be arranged in (38) in order to
obtain the revolute joint constraint and mobility equations.
AToTrn &
4=lo] O@aM= AR |7
V] R] RIW]

D;(q; g;,d;) = (H{6;) -0, =0

(38)

12
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The first time derivative of the revolute joint equations leads to its
contribution to the velocity problem. Let start with the constraint equations in

(39).
R u]]G 9 ti + Riﬁ]iﬁiéi
_—VIT R]-TRiWIGiGi — W/ R{R;¥G;6,

Highlighting in (40) the linear combination with respect to the Lagrangian
and to the DoF Velocities
: STRTR.o.C. ||
¢G=(0 -¥ R R u] [ ] +[0 —a/R{R;%G; [g.] =0
0 —”TRTR 0 —wRTR%G;| "’
—1 R, ullG I —Rju;G; (40)
_ _oTRTR.5.C. _ _aTRTR.S.C
Cq]i =10 V) R Rt G; Cq]j =10 u]TRiTij](ij
0 —V TRT le]G 0 —W; R{R;VG;
Cd] =0

A further time differentiation in (41) leads to the acceleration problem
contributions.

0 ®R1;;G; + R1;;G; 1
Cq]i =[0  9'Rf(&; — ®;)R;W;G; — VFRjTRiﬁléi
0 QFR?(G)j - G’i)RiWJEi - ‘A’FR}FRiW](_}i
0 —&R;,G; — Ri;Gy (41)
€y =|0  —ARI(® — &)R;¥G; - aRTR %G,
) 0 —w RT(“’] ‘T’i)Rj‘N’](_;j - WFR?Rj\NI](_}]-
Cqy=0

Let move to the mobility equation time differentiation. Recalling the time
derivative of the angle operator, let identify in (42) the relative quaternion
derivative with respect to its angle with 99].

D) = 48, (H{'6; + H{'6;) — 6, =0 (42)
While the linear combination with respect to 0; is evident, let focus on the

first term in order to make explicit the linear combination with respect to 0;
hidden within the H; matrix: let develop in (43) the related product and
rearrange.

HIT(-)] _ e.Rei ' Iml [eRe] (43)
_elmi eRel eIm Im]

13
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. eR i I e -
H;re] = e] m] [ Rel H]el
elmj eRe] eIm] eIml
Let recall the quaternion conjugation matrix and let highlight in (44) the

linear combinations with respect the Lagrangian and the DoF velocities.
= 48 (H;CO; + H{'0;) — 6; =

0 495]11,-(:] [é‘_]+[0 40§ HT][ ] —1][&;] =0 (44)

=[0 465 HC| Dq”:[o 40 Hi'| Dy, = [-1]

The acceleration problem contributions are found in (45) by a further time
differentiation, finalizing the revolute joint equations characterization.

Dy, =0 4(0%H + 6 H;) ]
Dq]j:[o 4 (0%, HT + 63 1T )| (45)
Dq, = [0]

1.3.2. Cam joint

Let move to the cam joint case reported in the Figure 17: in this work it
can be modelled as a revolute joint that allows a single DoF, i.e., the relative
rotation @y around the joint axis V; between the linked bodies i and j, while, in
addition, it permits a relative translation t; in a plane (generally orthogonal to
Vj) identified by two unit vectors aj and i)] along which the components of the
joint location in the parent body frame uj; are known functions of the DoF )y,

i.e., a;(0)) and by(©y), (eq. (46)).
a(y)

1;(0)) = a;(0))a; + by(8))by = [4) by] [b](gl) = Uyt;(©)) (46)

14
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Figure 17 Cam joint scheme

While the constraint equations referred to the suppressed rotations and the
mobility equation are the same of the revolute joint case (and so their time
derivatives), the cam joint constraint equations related to the suppressed
translations have a similar form but they are affected by the joint parent-
location uj; dependence on the joint DoF Oy (eq. (47)).

tj + Rjuj; — t; — RUy;(0y)
AT T -~
¢ (i a dy) = Vi Ry Ry =0
9'RR; W
D;(q:, a5, dy) = (H{6)) — 6, = 0

The time derivative of the cam joint translational constraint equations is
given in (48) by the knowledge of the functions a; (@I) and by (G)]) derivatives
with respect to the angle 0y, collected in the vector t; o

t] - R]ﬁllﬁlﬂl - ti + RiﬁIiGiéi - RiU]t]@(;)] =0

d; = [0] (47)

STRTR & 6 <TnTR . C
Cq]i =10 —V] R] Riu]Gi th =10 —u] Ri R]V]G] (48)
0 —VR'RWG; 0 —W/R{R;¥G;

Cqy = [-RiUsty, |
The time derivative of the above matrices is provided in (49), introducing
also the second derivative of t; with respect to 9y, i.e., t; 00"

0 Ry(U; + &) G + Rifiy Gy
Ca; =0 ¥R (& — &)R;T;G; — ¥ R{R;T;G; (49)
0 VR (&; — &;)RW;G; — VR R;W,G;
15
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0 —®;R;uy;Gj — Rjuy; Gy
~ = STRT(&S. — & == _ =TpTp o
Cqy; = [0 —WRJ%—«@mwﬁ—uﬂgmw%
0 —W/R{(®; — &;)R;V;G; — W/R{R;%|G;

Cyy = [-@iR Uity — R Uty 6]

1.3.3. Spherical joint

The spherical joint, reported in the Figure 18, is a 3 DoF joint that allows
a free relative orientation between the linked bodies i and j: the relative
transformation can be described by 3 successive rotations a, 8 and yj around
3 axes oriented as the unit vectors, respectively, U;, ¥; and Wj (eq. (50)). Since
there is no relative translation, the spherical joint constraint equations (and so
their time derivatives) are the same of the revolute joint case at the translation
level, while it needs to impose 3 mobility equations: the writing of the mobility
equations starts from the evaluation of the child body orientation 6;
accounting for all the relative rotations (identified by the intermediary
quaternions a, § and y) beginning with the parent body orientation ;.

« = 68, o)

v =0(#,v))
% \v.' By .
] Yy

Figure 18 Spherical joint scheme

The objective is to exploit the angle operator as for the revolute joint case,
so it is necessary to manipulate the relative Hamiltonian matrices to isolate in

16
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(51) the 3 relative quaternions referred to the 3 spherical joint DoF (the
auxiliary quaternion 8 is introduced).
8 =Hgy » B=HJHJH 6, (51)
y = HZHZH[6;
Then, the spherical joint equations are reported in (52).
C](‘li' q], d]) = t] + R]ﬁ]] - ti - Riﬁ]i =0
a _
4= B; (H3H8;) — o
Y) D](‘li;q]',d]) = (H;(FHEH;FBj) —Bj|=0
(HEHZHT8) -y
Let develop the time derivative of the spherical joint mobility equations in
(53).
]')] = ...

(52)

- N — . . . (53)
4, [(ATHE + ATAT )HTe; + ATHI(AT6; + HT6;)| — ;=0
| 4y}, [(HEHZ + HEHE)HT0; + HEHI (HT0; + H6;)] — v; |
While it is known how to make explicit the linear combination with respect
to ; starting from H;, is necessary to extract also the DoF velocities d; to
compose the matrix Dd]' The Hamiltonian matrix H is a linear operator

applied to a quaternion 0: its time derivative is then the matrix H applied to
the quaternion time derivative 0; furthermore, the quaternion time derivative
is proportional to the quaternion angle velocity @ through a linear relation
involving the quaternion variation with respect to its angle, i.e., Og; as a
consequence, the linearity of the Hamiltonian operator allows to write H in
(54) as the product between the matrix H applied to 8¢ and the angle velocity
O, where the former is indicated as the matrix h.
{‘.‘ =HO) | b H(0,0) = H0) = ho (54)
0=0g0
Particular attention has to be paid to the ﬁs term in (55), which leads to the
definition of the auxiliary matrices 1153 and il5y.

{ﬁs =H(8) _ Hs = H(hgy)B; + H (Hgyy, ) vy

8 = Hgy hsg = H(hgy) hs, = H(Hgyy,)

The above properties allow to make evident the spherical joint mobility
equations linear dependencies with respect to the DoF velocities d] and so to
constitute in (56) their contribution to the velocity problem.

(55)

17



Chapter 1

0" 4af HiH;C 0" 4ol HyH
Dy, = 0T 43}5}?151{311-6 Dy, = 0T 4B§]ﬁ$H§HiT
0" 4yj HFHZH,C ) oT 4y$]I:IEH$HiT 56)
-1 4af hgHTO; 4o hy HT6;
Dq, = |4B% HYhGH]' 6, -1 4B hyHIH{' 6,
4yy HEhgH'8;  4yy hiHIH[ 6, -1

Finally, the spherical joint mobility equations contribution to the
acceleration problem is given in (57) by the last time differentiation; the
product rule applied to the following are left to the reader for the ease of the
writing.

o' 4(a;§]ﬁ'§ﬁ])(‘: 0T 4(ag]ﬁ§H1T)

Dy, =07 4(B"§IH$H§H])C Dy, = |07 4(BEIE$H§HF)
0" 4 (yJ,HTHIH,)C oo 4(y$]ggH§HF) 7
[ 0 ol hiHTe,) (ol hl HTe)) ]

Day = 4|(B} ATHIHT6)) 0 (B3 KTHIHTe))
(y%ﬂ@ﬁ&ﬂ?ﬂ,) (y$]h'[§ﬁgH1Te]) 0

1.3.4. Free joint

Lastly, the free joint, reported in the Figure 19, allows the full relative
mobility between the linked bodies i and j, so it imposes no constraint
equations and 6 mobility equations, of which the 3 rotational ones are the same
of the spherical joint case; the relative translation tj, identified by the DoF aj,
by and ¢, occurs along the 3 known unit vectors, respectively, j, B] and ¢;:
the parent joint location j; is going to be dependent on the translational DoF

t; (eq. (58)).

a
]
C
J
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Figure 19 Free joint scheme
Then, the free joint mobility equations are written in (59).
U 'R (4 — t; + Ryyy) — ty

Y

o (HIHTO,) — a 59
d = Dy(ana;d)= ey =0

By (HTHZH0;) — B

") (HEHEH;FG]') -y

The time derivative of the mobility equations leads in (60) to their
contribution to the velocity problem matrices by introducing an auxiliary

vector uj.

u; = t; — t; + Ry

—U;'R] U 'RIUG;
0" 4af HiH;C
Yi | 0T 4BjHYHIHC

| 0T 4y] HEHZH;C
U7 'RT  —U;'RTRjG;

0T 4a$lﬁgHiT (60)
D, = _
9j; 0" 4By HYHZHS
T TuyuTyuTyT
| 0T 4y} HEHZH;
—1 0 0 0
oT -1 4o higHT@;  4ag hy H{6;
Day =gt 4pf ATHIH 6, ~1 4% hTHIHT 6,
TyT,TyT TwTygTyuT
4yy HEhIHT®;  4y) hfHIH]'6; ~1

Finally, the last time differentiation leads in (61) to the free joint mobility

equations contribution to the acceleration problem matrices.
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_Ul_lR'ir(T)i Ul—lR?(ﬁi — G’)iﬁi')Gi + Ul_lR'irﬁiGi_
. 0" 4 (o, HIH,)C
Day = ot 4 (BEIHE'H&H]) C
| o7 4 (ﬂﬂén@ﬁ,) c _
_uriRTe, U7 RI(®: - 8)RT;G - U RIRT, G|
0" 4 (o BTHT
Dqli - T ( 0‘_1 N l) 1)
0 4 (B} ATHIHT)
of 4 (v} HIHIH])
D, =
o 0 |
0 (aEIBEBHIT 9,) (aglﬁnglT e])
o (gimnre) o (BjkpuinTe)
(viHInIHTe) (v hiHIHTO,) 0

At this point, all the constraint and mobility equations for the joints
considered in this work have been addressed.

1.3.5. Unit quaternion constraint

Lastly, the body equations keeping unitary the norm of the bodies’
quaternions have to be characterized: they can be easily obtained in (62) by
literally imposing the associated unitary norm.

Bi(q) = 6{6; —1=0 _

. . t.

B, = 2070, = [0 20]] [9] =Bq.q; =0 (62)
i

Bq, = [0T 26{]

All the quantities needed to solve the position, the velocity and the
acceleration problems were addressed: now it’s time to move towards the

dynamical problem, where the found Lagrangian coordinates q, velocities q
and accelerations ¢ will determine the driving and the reaction forces.
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1.4. Multi-Body system Lagrangian dynamics

As anticipated in the previous, the kinematics problem solution provides
the Lagrangian coordinates q, velocities q and accelerations ¢ due to a given
set of DoF (and time derivatives) d, d and d over the time t, by solving the
joint constraint/mobility and the body equations @, & and ®.

The bodies Lagrangian coordinates will determine the EoM of the Multi-
Body system that in this chapter will be extrapolated with the Lagrangian
dynamics approach (Shabana, 2020).

First of all, the kinetic energy T; of the rigid body i has to be evaluated: it
is obtained in (63) through the integration over the body volume ; of the
kinetic energy of the infinitesimal volumes dV located in the body frame by
the constant vector u and moving with velocity Ij in the global reference frame
considering a known density distribution p; (Figure 20).

1
Ti:_

2 (63)

Figure 20 Rigid body moving volume

Recalling the linear relation between the point global velocity 1y and the
body Lagrangian velocities q;, the kinetic energy can be expressed in (64) as
a function of q; and q;: in particular it keeps its quadratic form with respect to
the Lagrangian velocities that can be taken out from the integral since they do
not vary within the body volume.

T ,
1i(q;,q;) = [I —R;uG;] [(—)] = Ji(g;))q;
(64)
1
Ti(qi, q;) =EQiT fpi]iT]i dv |q;

Q;
Let develop in (65) the product within the volume integral.
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I —R,UG; ] 65)

I _—
1= g | R - [—GiTﬁTRiT GTaTG,
Let integrate over the body volume in (66) the obtained matrix taking out
from the integrals the quantities that do not exhibit variation within the
volume.

fpi dv |1 _Ri fp,ﬁdV (_}i
Q; Qj

f o1 dV = ; (66)

Q4

i Qi Qi |

In the found matrix, the zeroth, the first and second mass moment of the
body can be recognised:

- the first one is the body mass m;;

- the second one is the product between the body mass and the local
mass centre position (so it is null since the latter is the origin of the
local reference frame);

- the third one is the body inertia tensor defined in the local reference
frame I;.

So, the found matrix is nothing that the 7x7 symmetric body mass matrix
M; in the Lagrangian space, reported in the eq. (67), that, for the chosen
reference frame, shows decoupled translational and rotational contributions to
the kinetic energy; it is worth to note that if the body local reference frame
aligns with the body principal axes of inertia, the 3x3 symmetric inertia tensor
I; is diagonal.

mil 0
Mi(qi) - [ 0 G;[‘ilﬁl]
. 1. . 1., A
Ti(q;, q;) = >4 M;(qi)q; = St (m;Dt; + 591 (GIT;G;)®;

The kinetic energy in this form is needed in order to derive the Multi-Body
EoM from the Lagrange eq. (68), i.e., the energetic equilibrium of the whole
mechanical system for a set of Lagrangian virtual displacement 6q; and
accounting for generalised applied forces Q; which is a 7x1 force vector acting
on the Lagrangian coordinates q;, in particular on the body position t; and

orientation 0;, that will be characterised in the next.
nB—l

d oT; OT;
ST AT s, e
= dtoq; dq;

Let develop in (69) the first term derivative in the Lagrange equation in
which the inertial terms dealing with the product between mass and
acceleration come out.

(67)
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doT; d 0 /1 d .
aa—qli = aa—qi<§ C‘liTMiC‘li> =% (ai M;) = &7 M; + g M, (69)

In order to develop the second term derivative, let rearrange in (70) the
rotational kinetic energy to highlight its dependency with respect to the body
orientation 0;.

= . 1 1 e

W = GiBi = —GiBi g Ti = Emiti ti + 591 Gi IiGiBi
OT, [0T, T . . . .o o (70)
0= |50 7al=lom ercial=[o" -alig)

Now let execute in (71) the time derivative of the mass matrix M; and let
develop its product with the Lagrangian velocities q;.

. 0 0
M; = [0 ¢TIG, + (_;iTii(_;i]

Exploiting the quaternion properties in (72), it can be noted that the above
product is equal to the negative of the kinetic energy derivative with respect
to the Lagrangian coordinates.

(T)i = GiBi . . mo =
Go,—0 ~ AMi=[o" &G (72)

So, adding them in (73), a new generalised force vector Qy; is defined: it
is called quadratic velocity force vector because it deals with the square of the
angular velocity entries and, in fact, it describes the inertial effects due to the
centrifugal and Coriolis forces.

(71)

——qiM; =0T —2&]L,G| = Qv

0 (73)

Qvi(qi' ql) = [_ZG;’iI‘ii(T)i]

Then, the Lagrange equation, reported in (74) after transposition,

demonstrates that, for a set of virtual displacements, the work produced by the

generalised inertial forces is balanced by the work of the generalised applied
ones.
ng—1

Z 8qf (M;di — Qy; — Q) =0 (74)
=1

The sum for all the bodies can be expressed in a more compact form in (75)
by concatenating the Lagrangian coordinates and force vectors in the Multi-
Body system space.

R [TE R

8q"(M§—-Q, - Q) =0
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The Lagrange energy balance cannot be true regardless the set of virtual
displacement 6q, because the Lagrangian coordinates q of the Multi-Body
system are not independent, so, basically, the solution to the eq. (76) is
undeterminable.

Mg-Q,-Q=0 (76)
1.4.1. Embedding technique

One way to disregard from the virtual displacement set 6q and to obtain a
solvable system of equations is called the embedding technique (Shabana,
2020): the aim is to implement into the energy balance a relation between the
system Lagrangian coordinates q and its DoF d, since the latter are a set of
independent coordinates. The searched relation that establishes a
communication between q and d is given in (77) by the joint equations &
assembled during the kinematical problem, in particular in their velocity and
acceleration forms.

q=—D, 'dyd
i = -0 1 (Dgq + Pgd + Pyd)

The velocity problem provides a relationship between the Lagrangian
velocities q and the DoF velocities d that is equivalent to a variational relation
between the Lagrangian virtual displacements 6q and the DoF ones &d
through the matrix B; furthermore, substituting the velocity problem solution
into the acceleration problem, the Lagrangian accelerations ¢ result to be a
linear combination of the DoF velocities d and accelerations d (eq. (78)).

q=Bd
6q = B&d (78)
A=-0; (dBd+dy) - G=Ad+Bd

Let substitute in (79) the found relations into the Lagrange energetic

equilibrium.
8d"BT[M(Ad +Bd) - Q, — Q] =0
8d"[(BTMB)d — BT(Q, — MAd) - BTQ] =0

Once the new mass matrix My, quadratic velocity force vector Qy, and

®(qd)=0 - (77)

B=-®, '®g -

(79)

applied forces Qg4 are recognised in (80), the resulting energetic equilibrium
keeps its validity regardless of the DoF virtual displacement 6d, so the Multi-
Body system EoM in which every term is referred to its DoF d is obtained.

My = B'MB Mo ) =
Quq = B7(Q, —mad) - 4 (Med— Qo Q) =0 (80)
Qd:BTQ Mdd_de_Qd=0

The used embedding technique exploits the constraint equations to reduce
the EoM to a minimum number of independent equations (the number of DoF
np), so it does not give information about the joint reactions (that are needed

24



Biomechanics

in this work for the tribological problem) and in general about the internal
actions.

1.4.2. Augmented formulation

Another way to disregard from the set of Lagrangian virtual displacements
6q by introducing information about the joint reactions is the augmented
formulation (Shabana, 2020): the aim is to introduce a new set of unknowns
called the Lagrange multipliers A (one multiplier for each equation in @) that
impose in (81) a null variation of the all constraint equations 6® in
correspondence of the virtual displacements 6q (this variation takes into
account the derivative of the constraint equations with respect to the
Lagrangian coordinates, i.e., the Jacobian ®).

ATsd =0

{8<I> = ®46q

The latter scalar quantity can be intended as the work of the internal forces,
i.e., the energy spent by the Lagrange multipliers A to impose the constraint
equations @. Since the internal forces work is zero, it can be added into the
Lagrange energetic equilibrium in (82) without altering it.

6" (M4 — Q, — Q) +AT®,8q =0
5q"(Mg-Q, - Q+®J2)=0

At this point, even if the Lagrangian coordinates are still not a set of
independent parameters, the introduction of the Lagrange multipliers as
additional unknowns allows to disregard from the virtual displacements,
obtaining in (83) the Multi-Body system EoM referred to its Lagrangian
coordinates q and accounting for the multipliers A.

Mi—-Q,—Q+®iA=0 (83)

Let note in (84) that the Lagrange multipliers A are composed by:

e the ones imposing the constraint equations C, i.e., the joint
interfacial forces that keep the joint structure A; (constraint
multipliers);

e the ones imposing the mobility equations D, i.e., the driving
forces acting directly on the DoF Ap (mobility multipliers);

e the ones imposing the body equations B, i.e., the actions keeping
the bodies’ quaternions unitary norm Ag (body multipliers).

Ac
Ap
Ag

At this point, the last thing to characterise is the generalised applied force
vector Q: let start with the external actions.

The external actions are generally defined in the global reference, for
example (Figure 21) an external force F, acting on the body i in the point of

ATo 59 =0 (81)

(82)

M§-Q,—Q+[Cq Dg Bg] =0 (84)
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application P located in the body frame by the vector U and an external torque
T, acting on the same body (eq. (85)).

Fe, Te,
Fo = |Fey| To=|Tey (85)
Fe, Te,

Figure 21 External action applied to a rigid body

In order to consider the external actions F, and T, into the Multi-Body
system space, they have to be turned into the generalised force Qe;, i.€., their
effect with respect to a variation of the body Lagrangian coordinates q; has to
be evaluated: the transformation is given by analysing the virtual work 6W,,
in (86) accounting for the virtual displacement of the point P 8r; and the body
virtual angular variation 8¢p;.

8W,, = 81 F, + 5] T, (86)

The relation between the virtual displacements and rotations is the same
relation between the velocities, so let recall the global velocity vectors as
function of the Lagrangian coordinates and velocities in (87).

t; .
. ] =Jiq;

i =[1 —RjuG] s
1

or; = J;6q;

87
8¢; = K;dq; (87)

. t; )

®; = Gi0; = [0 G [el_] = K;q;
1

Substituting the above in the virtual work, the generalised external force

Qe; associated to Fe and T, is found in (88): it is a 7x1 vector of which the

first 3 affect the body position t; while the last 4 affect the body orientation

0;; the generalised external force vector Q. is given by the summation of all

the external actions applied to the related bodies.
6Wei = 6q?(];rFe + K;rTe) = 6q;rQei

Qei = ]iTFe + K;FTe
If the external actions Q. are the only source of generalised applied forces

Q, then the Multi-Body system EoM in the inverse dynamics verse is a linear
26
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system supplied by the time evolution of the Lagrangian coordinates (and their
time derivatives), coming from the solved kinematical problem, in the
unknown Lagrange multipliers A along the time t (eq. (89)): basically, the
objective is to evaluate the joint reactions Ac and the net joint driving
forces/torques Ap produced by a known kinematics of the Multi-Body system.

q(t) Ac(®)
q® - q)g)‘ =-MGg—-Q,—Qc) — 2Ap(®) (89)
qv Ag(t)

The above role of the Lagrange multipliers is no more valid for a
musculoskeletal Multi-Body system because of the two following reasons
(Silva and Ambrosio, 2003; Oliveira, 2016):

e the driving actions are not produced by actuators generating
forces/torques at the level of each translational/rotational DoF,
but they are instead produced by a complex redundant muscular
actuation system that generates forces resulting in the above net
joint driving forces/torques;

e the muscles are responsible for the production of actuating forces
but also of passive actions due to the muscle tissue resistance that
are going to contribute to the load of the articulations, i.e., the
joints.

So, the above EoM, in the case of a musculoskeletal system, provides the
joint driving actions represented by the mobility multipliers Ap but it is not
actually able to provide the joint reactions through the constraint multipliers
Ac: the latter represent the joint reactions only if the generalised applied force
vector Q considers also the generalised muscular forces Q,,, in (90).

Q=Q+Qym — Mq_QV_Qe_Qm‘F(DgA:O (90)

With the above EoM formulation, while the constraint multipliers Ac
actually are the joint reactions, the mobility multipliers Ap have the role of
residual actuators that are useful during the EoM numerical resolution,
because, since the known kinematics given by the time evolution of the DoF
d generally come from experimental measurements that are subjected to
sensor errors, they contribute to the validity of the EoM through minimal
residual DoF actuations.

In order to solve the obtained Multi-Body system EoM, the muscle
generalised force vector Q,, needs to be characterised.

1.5. Muscular actuation system

The skeletal muscle is a human organ connected to the bones mainly
devoted to their motion, but also to their protection and heating (Nordin and
Frankel, 2001).

Before describing its actuation mechanism, let focus on its role from a
mechanical point of view in the Multi-Body system: it can be considered as a
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linear or curved actuator attached to the bones that develops relative motion
by contraction (Oliveira, 2016).

1.5.1. Linear muscle actuator

Let start with the muscle linear actuator m, shown in the Figure 22,
intended as a segment that produces a contraction force f,,, between the points
A and B attached, respectively, to the bodies i and j; the attachment points A
and B are located in the respective reference frames by the vectors 4 and ug,
so their global position r, and rg can be evaluated to determine in (91) the
muscle line action identified by the unit vector ¥,,, and the consequent virtual
work 8W,,, done by the muscle to produce the attachment points virtual
displacements 6ry and drp.

rpa = ti + RiﬁA . I'g —Ip

— > v, =—"
rg =t + Rjug " |lrg — rall (91)
8Wm = m\?EISI‘A - fm‘,}ngrB

Figure 22 Linear muscle actuator scheme

Recalling the variational relationship between the global virtual
displacements and the Lagrangian ones, the muscle virtual work W, is
written in (92) as a function of the muscle force intensity f;;, and of the bodies
i and j virtual Lagrangian displacements through the definition of the vectors,
respectively, Ap,; and Apy;.

~ — . [6t;
8ry =[I —Ru,Gil [5911] = JAi0q;

= =1/%% 92
Wi = £ (V] aiSai — Vi) p;84;) = fin(Amidai + Am;Sq;)
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The above virtual work analysis allows to move from the local body space
to the global Multi-Body one: this procedure is followed to evaluate the
generalised force produced by muscles that can show a more complex path
than a line, for example with reference to the Figure 23, modelled as a series
of segments along which the same muscle force f;,, is shared. In the eq. (93)
the muscle m virtual work acting along the path identified by the 3 points A,
B and C belonging to the bodies, respectively, i, j and k while located by the
vectors U,, Ug and U is evaluated.

— ~ g — T
ry =t + Ry Vm1 = 1T
s =4+ Rjllp - re—ry 93)
S e

— T T 5T 5T
Swm - mvm15rA + (fmvmz - 1:mel)SrB - mvm26rC

Figure 23 Linear series muscle actuator scheme

As for the previous case, let apply in (94) the variational relationships to
evaluate the vectors Ap, Apj and Apy.

8ra =Jai8q; 8rg =]Jgj06q; Orc = Jckdqx
Wi = [0 1Jaidai + (Vmz — 91 )J5i84; — Vmz2J ckSax] (94)
8Wm = m(AmiSqi + Amj(qu + Amksqk)

1.5.2. Curved muscle actuator

The last case considered in this work is represented by the curved muscle
actuator: some muscles can make contact during their motion with bony
surfaces, so they wrap around them providing a curved path along which the
muscle force is produced. In order to evaluate the virtual work produced in
this particular configuration, the curved muscle path has to be modelled: in
this work the geodesic approach is chosen, since it is assumed that the
wrapping muscle curve follows the shortest path around the surface (Gao et
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al., 2002; Stavness, Sherman and Delp, 2012; Scholz et al., 2014; Zarifi and
Stavness, 2016).

A geodesic curve can be defined as the trajectory of a particle moving on
a surface in absence of external forces and friction (Stavness, Sherman and
Delp, 2012; Scholz et al., 2014): basically, it is a further constrained
mechanical problem but in the forward dynamics verse and along the
independent variable identified by the curvilinear coordinate s instead of the
time t.

Some concepts needed to describe surfaces and curves in the 3D space are
introduced. A surface can be described in (95) with respect to a xyz reference
frame through an explicit relation x(u) based on the two surface independent
parameters u and v or through an implicit function f(x) (both the descriptions
are equivalent).

x(u,v)
x(w) = y(wv)| & fx)=0 (95)
z(u,v)

The 3D coordinates of a curve ¢ are defined in (96) with respect to the

curvilinear coordinate s.

x(s)
c(s) = |y(s) (96)
z(s)
If the curve ¢ belongs to the surface X, then the relation in (97) holds.
c(s) = x(u(s)) (97)

Along the surface path (and so along s), each point of the curve is identified
by a triad of orthogonal unit vectors:

e the derivative of the point position with respect to the curvilinear
coordinate s (indicated by the apostrophe) provides the tangent
unit vector £ (tangent to both the curve and the surface), which is
given in (98) by the combination of the surface parameters
velocities u’ along the surface tangential directions identified by
its explicit function derivatives with respect to its parameters X,
and x;

) = =x'(u@E) =x,0"  xW =[x xy)] (98)

e the normal unit vector i in (99) which is perpendicular to both
the tangential directions X, and Xy;;

A(s) = o (99)
ns) =——
Iy X Xy )
e the binormal unit vector b in (100) which is orthogonal to both
the tangent and the normal unit vectors.
b(s) = £(s) x fi(s) (100)
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The above information are needed to solve the mentioned forward
dynamics problem in which the geodesic curve c(s) starts from a surface point
¢, with tangent ,, as reported in the Figure 24.

i

Figure 24 Geodesic curve on a surface

In order to address the above constrained mechanical problem with the
Lagrangian approach, let define in (101) the kinetic energy T of the unitary
mass particle moving along the geodesic and the related Lagrange equation in
absence of generalised applied forces for a chosen set of Lagrangian
coordinates q.

1 7, IR ( d oT 0T

T==c —_ S
©c dsaq’ 0dq

. )aq —0 (101)

Both the augmented formulation and the embedding technique approaches
(Shabana, 2020) can be followed: starting with the first one, let choose in
(102) the geodesic curve coordinates ¢ as the Lagrangian coordinates.

d dT 0T
- = 102
(ds oc’ ac) 6c=0 (102)
Let evaluate in (103) the needed kinetic energy derivatives.
d oT T
ds dc ¢"Tsc=0 (103)
JaT oT
dc

In order to disregard from the virtual displacements ¢, let introduce in
(104) the constraint equations: the particle has to belong to the surface,
meaning that the particle position ¢ has to satisfy the implicit surface equation
f; then, the Lagrange multiplier A associated to the single constraint introduces
the internal work dependent on the constraint Jacobian f.

flc)=0 - Af.dc=0 (104)

31



Chapter 1

Let note that the implicit surface function gradient f; identifies the surface
normal direction, so the Lagrange multiplier A, once projected through the
Jacobian f, is nothing that the surface normal force constraining the particle
to move without leaving the surface. Once the internal work is introduced into
the Lagrange energetic equilibrium, the particle EoM is obtained in (105)
(coupled with the surface constraint equation and with the initial conditions
on the position ¢, and on its derivative, i.e., the tangent unit vector £;).

" +fIr=0
(¢" +£T2) 8¢ =0 i((co))=_0c (105)
- %0
C’(O) = fo

The obtained constrained EoM is a Differential Algebraic Equation (DAE)
system in the unknown geodesic coordinates ¢ and normal force A: among the
several ways to solve a DAE system (which will be discussed in a section of
the tribological part of this work), here the simplest explicit way is adopted.

Let develop in (106) the constraint equation first and second derivative.

f'(c,c’) =f.c'=0
f”(C,C’,C”) — féC, + ch” =0 (106)

Provided that the particle initial position ¢, and direction t, satisfy the
constraint equation f and its derivative f', the DAE is manipulated by replacing
the constraint equation with its second derivative, so that a 4x4 linear system
in the unknown accelerations ¢’ and normal force A is obtained in (107).

f(cy) =0 f'(co,8) =0
{c”+ch7\=0 R [1 T [c] _[ 0 (107)
fic' +f.c”" =0 f. oollal [—fic

The above linear system is exploited in the context of the numerical
resolution of the EoM with the simple Backward Euler finite difference
method: given the values of the coordinates and velocities at the previous step
n, ¢, and ¢y, the linear system is solved to evaluate the new states at the next
step n + 1 for a chosen curvilinear coordinate step size As and the value of the
normal force A, (eq. (108)).

[ I f;r(cn)”cr’{]z[_, o ’] IR c?+1fc?+c£1,As (108)
fe(en) 0 An fe(en, ch)eq Chi1 = Cp + € As

In order to ensure the validity of the constraint equation and its derivative
in correspondence of the initial conditions, the latter can be evaluated with the
following procedure.

Instead of starting from a known position, let choose a starting surface
parameters vector u, from which ¢ is evaluated in (109) through the explicit
surface function x(u): in this way the implicit surface function is
automatically satisfied by definition.

u, - ¢ =x(uy) - f(c) =0 (109)

The choice of the starting tangent direction £, depends on the unknown
starting surface parameters velocities ug: let start with a given general
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direction v, which at the moment is not tangent to the surface. Therefore, the
direction v, can be written in (110) as a combination of components ug along
the surface tangential directions x,, and X, with a component a along the
surface normal direction fi.
Vo = Xu(ug)ug + an (110)
Let project the direction v, along the tangential directions in X, in (111),
recalling that they are both orthogonal to the normal unit vector .
Xy (W) Vo = Xy (ug)xy (uo)ug + axy (W) = [xy (ue)xy (ue)Jug  (111)
By denoting the right-hand side 2x2 matrix as My, the above linear system
can be solved to evaluate in (112) the starting surface velocities parameters
uy: in this way it is ensured that the searched starting tangent direction £, can
be obtained by linear combination of the found uy (after normalization) and,
since t, is orthogonal to the surface normal direction identified by the
constraint Jacobian f,., the constraint derivative is satisfied.
Xu (1) ug

u) = My () [xZ(up)ve] - £ m (112)

f'(co,ty) =f.ky =0

The augmented formulation is now completely addressed and it allows to
simulate the geodesic curve c(s): while it provides the value of the normal
force A along the curve (which is not necessary in the evaluation of the
wrapping muscle path), the numerical error due to the discrete marching along
the curvilinear coordinate could lead to an appreciable violation of the
constraint equation, resulting in a geodesic path that leaves the surface.
Furthermore, the procedure that leads to the evaluation of the initial conditions
¢, and £, starting from the initial surface parameters vector u, and a general
initial direction v, to obtain the velocities ug, suggests that the two surface
parameters u can be considered as the DoF of the particle (and indeed they
are): as a consequence, the embedding technique, resulting in the particle EoM
referred to its DoF, would lead to a more precise geodesic computation, since
the surface constraint is directly embedded into the EoM.

Therefore, let rewrite the Lagrange energetic equilibrium in (113) by
choosing the surface parameters DoF u as the Lagrangian coordinates: in this
case the equilibrium is satisfied regardless of the Lagrangian virtual
displacements du.

d 0T 0T
dsou’ odu

Let highlight in (114) the particle kinetic energy T dependencies on the
surface parameters u and their velocities u', retrieving the particle symmetric
mass matrix M.

(113)

1 1
Twu) ==c' ¢’ =-u M)’

= 2 2
c’c: xxgllgu’ - Xix, Xix (114)
" M(u) = xg (Wx,(u) = [ - V]
XuXV XVXV
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Let evaluate in (115) the kinetic energy derivatives into the Lagrange

equation.
d T
dsou’ u’"M(u) + v M (u,u)
sou (115)
a_T —_ 1 ITM ! 1 ITM !
ou - Eu u(lI)ll Eu V(u)u

The derivatives of the mass matrix can be evaluated in (116) by further
differentiating the tangential directions X,, and X,, with respect to the surface
parameters.

M, (u) = ng(u)xuu ()
Mv(u) = ng(u)xuv(u)

Let define in (117) the generalised quadratic force vector Q,, referred to the

surface parameters u.

T
Q,(u,u’) = (a—T —u'"M'(u, u’)) (117)

M'(u,u’) = Myu' + M,v’ (116)

du

Then, the particle EoM referred to the geodesic DoF is obtained in (118)
and coupled with the initial conditions u, and ug, where the latter are found
with the procedure described in the augmented formulation case.

M(u” - Q,(u,u’) =0

u(0) = u, (118)

u'(0) = ug

The obtained EoM is now an Ordinary Differential Equation (ODE)
system, which is solved with the same Backward Euler finite difference
method described previously inverting the 2x2 linear system (linear during the
explicit marching): then, the geodesic curve ¢, and eventually its tangent c’, is
evaluated in (119) by plug the surface parameters u into the surface explicit
function x(u).

M(up)uy = Qy(uy, uy) -

¢y =x(uy) ¢ = x,(uyuy
At this point the curved muscle path can be evaluated. Let say that the
muscle in consideration has attachment points A and B located in the wrapping
surface reference frame by the vectors X, and Xg, as shown in the Figure 25;
first of all, it has to be verified that the straight line segment going from A to
B intercepts the wrapping surface: to do that, the parametric equation of the
line AB dependent on the unknown line parameter m is plugged into the
implicit surface equation f(x) = 0 to evaluate if it provides solutions (eq.
(120)); if so, since quadric surfaces are mostly used to describe the wrapping
bony geometries, generally two solutions mp and mq in the range between 0
and 1 are provided, which identify the intersection points coordinates Xp and
XQ.
f(xo + m(xg —x)) =0 - mp, mq (120)
34
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Xp =Xp + mp(Xg —Xp) Xq = Xp + mg(Xg —Xy)

The found intersections Xp and Xq are used in (121) to evaluate the
associated surface parameters up and uq by inverting the surface explicit
function x(u), while the directions vp and v, i.e., the vectors going,
respectively, from A to P and from B to Q, are used to evaluate the surface
parameters velocities up and ub through the procedure described above.

up =x"'(Xp) Vp=Xp—Xp
ug =x"1(xq) Vo= XqQ~Xs (121)
up = M~ (up) [xg (up)vp] ug = M~ (ug)[xq (uq)ve]

At this point, the two geodesics ¢p and ¢ starting from the intersections
can be evaluated with the initial conditions, respectively, up, up and ug, ub;
the searched muscle curved path is obtained when (Stavness, Sherman and
Delp, 2012):

- the two split segments AP and BQ are tangent to the surface, i.e., the
two directions vp and vq are orthogonal to the surface normal unit
vectors in P and Q (evaluated by knowing up and ug);

- the two geodesics are connected in their closest points P* and Q*
ensuring collinearity.

XA

Figure 25 Geodesics starting from the split muscle segments

In particular, the 4 surface parameters collected in the vector § have to
satisfy the following 4 equations in g, where the first 2 impose the tangency
of the split straight lines with respect to the surface while the latter 2 impose
the collinearity in the joining point based on the local tangent and binormal
unit vectors (eq. (122)).
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Vg np

vafig B
bp-(cp — cq)
bILig.
The above nonlinear system of equations is numerically solved in this work

with the Newton method by updating the 4 surface parameters in § along the
k iteration through a numerical Jacobian accounting for a small perturbation €

(eq. (123)).

E(k+1) = E(k) — g{l(i(k))g(i(k))

(e = gi (Ej(l + 3)) - gi(%) (123)

8¢l = 53

Finally, once the above problem is solved, the geodesics are linked in the

collinearity point, as shown in the Figure 26, and the muscle path composed
by the straight line AP, the geodesic curve cpq and the straight line QB is
found.

£=[ug] ~ 8®= 0 (122)

Figure 26 Geodesic curve wrapping on the surface

In this work two geometries of the wrapping surfaces are considered (eq.
(124)), i.e., cylinders with radius r and height h and ellipsoids with semi-axes
Sy, Sy and s;.

h h
uefo2m] ve [_E'E
rcosu f(x) =x% +y? —r? (124)
x(u) = [r sinu]
v
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u€f02n] ve [—g,g]

2 2 2

Sx COSV COS U (i) +<l> +<£) _1

x(u) = |Sy cosvsinu Sx Sy S,
s, sinv

Furthermore, as shown in the Figure 27, a segment can wrap around

multiple surfaces with the same logic (Stavness, Sherman and Delp, 2012;
Scholz et al., 2014).

\ - o
| 7
02+ /
\ . e
N 0 o /”'
‘ g g
0.2 ;
1 A 0.5
045 = // 4
05 4

Figure 27 Multiple wrapping

Once a muscle curved path is evaluated, its virtual work can be analysed.
Let discuss the case of a muscle m connecting the bodies i and k through the
attachment point A and B located in their frames by the vectors U, and Upg,
while wrapping on the surface w fixed to the body j (Figure 28): with respect
to the body j the latter is located by the vector u,, and it is oriented by the unit
quaternion @,, (which can be obtained by a known triplet of Euler angles o,
B and vy, around the local cartesian axes oriented as the unit vectors i, j and
k); the geodesic curve goes from the point P to the point Q that are located in
the j body frame by the unknown vectors up and uq.
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Figure 28 Curved muscle actuator scheme

The global position t,, and orientation 0,, of the wrapping surface are
given in (125) by the Lagrangian coordinates of the body j.

oa=00 a,) _

R _ ty =t +Ru
B=6GBw) — 8, = H,Hg8, % ;ng (125)
y = 06(k yw) W

The global position of the attachment points A and B, ry and rg, can be
evaluated in (126) with respect to the wrapping surface reference frame, i.e.,
X, and xg, for the geodesic computation.

rp =t + Rjuy xa =Ry, (ry — ty)
g =ty + Rylg xg = RL(r5 — t,)

Once the intersection surface parameters up and ug are determined from
the geodesic computation, the consequent coordinates Xp and X are used to
evaluate in (127) the wrapping points P and Q position in the j body reference
frame, i.e., Up and uyq.

t] + R]ﬁp = tw + Rpr . ﬁp = R;r(tw + RWXP - t])
t; + Rjug = ty, + RyXq iy = Rf(ty, + RyXq — t;)

Finally, all the needed quantities to evaluate in (128) the curved muscle
virtual work are available, considering that the frictionless wrapped curve is
not able to share the muscle force f;,, along its path but only in correspondence
of the wrapping points, so the muscle force is produced only along the split
muscle straight segments.

(126)

(127)
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ry, =t + Rjuy G = Ip — Ty
_ 1=
rp =t + Rjup T Iep = rall
o=t +Ruy g — Iy
Q= b ™ Rjllq Gy = — (128)
rg =ty + Ryup [ |

Wi = fr VL 181 — £, 95, 81p + fm\?ngSrQ — 9L ,08rg
At this point, the variational relationships are exploited in (129) to
determine the vectors A, Apyj and Apy.
8rp =Jai8q; 8rp = ]P]Sq] 8rg = ]QjSQj 8rg = JpiOqx
Wi = fin [VmaJai8ai + (Vima2Jqj — ¥malp;) 845 — Vma)ekSa| (129)
8Wm - fm(Am16Q1 + Am]Sq] + Amksqk)
All the muscle cases are addressed, so let evaluate in (130) the total muscle
work accounting for all the ny muscles considered in the musculoskeletal

system and taking into account the possibility that a muscle m can generally
affect at least 2 body virtual displacements.

Z W, Z fin (Ami8Qi + Ap;0q; + Apmidqy + ) (130)

In the Multl Body space, the muscle virtual work producing the
Lagrangian displacements 6q is related to the muscle force vector f through
the actuation matrix A: then the generalised muscle force vector Q,, is
determined in (131).

691

Ami vee Am] ves Amk vee Sq] — ... (131)

5qx
.=fTASq=QLéq - Q, =ATf '
Therefore, the musculoskeletal Multi-Body EoM is reported in (132) in the
unknown muscle forces f and Lagrange multipliers A.
ATf—®gA=M{—Q, — Q. (132)
The last things to characterize before being able to solve the Multi-Body
EoM are the active and the passive muscle forces contributions.

1.5.3. Hill muscle-tendon model

The skeletal muscle (Nordin and Frankel, 2001; Jovanovic, Vranic and
Miljkovic, 2015) is a striated bundle of fascicles that provides relative motion
between the linked bones by contraction; the fascicles are composed by
several striated fibres formed by the sarcomeres, i.e., the main muscle unit
devoted to the voluntary contraction controlled by neural excitation; the
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fascicles are surrounded by connective tissues that provide the muscle
resistance to lengthening and the produced muscle force is transmitted to the
bones through the extremities by the tendons, i.e., a very stiff tissue attaching
to the bone. Lastly, the muscle fibres can be oriented differently from the
action line linking the attachment points in the case of pennated muscles.

So, the muscle-tendon actuator model introduced by Hill (Thelen, 2003;
Hada, Yamada and Tsuji, 2007; Chand, 2011; Millard et al., 2013; Jovanovic,
Vranic and Miljkovic, 2015; Romero and Alonso, 2016) can be considered as
a series between (Figure 29):

a Series Element (SE), i.e., the tendon modelled as a non-linear spring
exerting a dimensionless force fgg dependent on the tendon length I;;
a parallel unit, inclined by the pennation angle a, with respect to the
action line AB, composed by the Contractile Element (CE), i.e., the
unit devoted to the muscle contraction through the activation level a,,
(a number in the range [0,1] controlled by the brain) and two
dimensionless force functions f; and f, describing the muscle
behaviour with respect to its length 1, and its deformation velocity
Vi, and by a Parallel Element (PE), i.e., a non-linear spring producing
the connective tissues resistance to lengthening dimensionless force
fpg depending on the muscle length 1,,.

Due to the series arrangement, the force produced by the muscle f,
projected on the muscle line AB through the pennation angle a, is the same as
that transmitted by the tendon f, also equal to the force generated by the whole
muscle-tendon unit f,;.

s
A
am
& 4
S
A A B
Y .. &3 I
w®
%
SE Q
AMA <%
VWV
fse (1)
le, v
L, Vin

Figure 29 Hill muscle-tendon model

The tendon is able to respond only to its lengthening, so when its length 1,
is greater than its slack length l,; the tendon force production is exponential
with respect to its deformation €; up to a given threshold f;, in correspondence
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of the given deformation €y after which it grows linearly (eq. (133)); the
exponential and the linear growths are governed by the parameters k. and k;.

{0 & <0
le = Lo Kot _ 1
St - lto - fSE(lt) - ftO —eke_l 0 S St < StO (133)

fio + ki(er — &) & = €0
The muscle CE unit force production in the eq. (134) depends on both its
length and deformation velocity:

e the force-length behaviour resembles a gaussian bell with respect
to its deformation g, with width governed by the parameter y and
reaching its unitary peak in correspondence of the optimal fibre
length 1y;

e the force-velocity relationship describes that the muscle produces
a growing force with increasing deformation velocity (higher for
lengthening with respect to the shortening), while reaching a
lengthening asymptote f,; and it is no more able to produce force
below the maximum contraction velocity vg; furthermore, in
correspondence of zero velocity the dimensionless force is
unitary; the shortening and the lengthening phases are governed
by the parameters k4, and k.

S 2

l,,—1 _&m”
=— - fillm=¢e Y

sm
0
0 Vi < —Vp

— v, ~Vo <vp <0 (134)
fv(Vm) = 9 Vo

Vi =0

The passive force contribution due to the muscle resistance to lengthening
responds only to positive muscle deformation €,,: it grows exponentially up
to the unitary threshold in correspondence of a given deformation g, after
which it grows linearly according to the parameter ky, (eq. (135)).

0 Iy < 1o
€m
ekp% -1
fPE(lm) = ekp _ 1 10 S lm < 1 + Smo (135)

Ky €m — €mo
142 T | >1+4¢
Smol—e_kP m moO
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All the dimensionless forces (depicted in the Figure 30) are referred to the
maximum isometric force f; that is reached in correspondence of the optimal
muscle fibres length 1, and zero deformation velocity.

Tendon forcedength

25

Muscle farce-Jength

Muscle force-velocity

Figure 30 Muscle-tendon dimensionless force laws

While the tendon force f; is already characterised, the muscle force f,, is
given by the product between the CE length and velocity relationships scaled
by the activation level a,, and projected along the muscle-tendon line action
AB through the pennation angle o, (eq. (136)).

{ft = fse(I)fo

fm = (amfl (lm)fv(vm) + fPE (lm))fO cos o(p

Therefore, equating the series contributions, the muscle equilibrium is
given in the eq. (137).

fsg (lt) = (amfl (lm)fv(vm) + fPE(lm)) cos ayp (137)

The muscle-tendon lengths and deformation velocities are unknown at this
point: they have to be determined by the knowledge of the muscle attachment
or wrapping points. Let refer to the general curved muscle actuator rigidly
attached to the i and k bodies while wrapping around the surface fixed to the
j body, determined by the kinematics of the points A, P, Q and B reported in
the eq. (138).

(136)

'y = ti + RiﬁA ¢ — I'p =Ty
I'p = t] + R]ﬁp m1 ”rp - rA” (138)
I'Q = t] + R]ﬁQ Iy — rQ

_ Vme =7 ——— 1
rg =ty + RyUp [[re — rq|

The related muscle-tendon length L, can be written in (139) as the sum of
the straight segment lengths and the curved one, where the latter is given by
the curvilinear integration along the curve y of the absolute value of the

geodesic tangent unit vector CQQ.
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L = lite = all+ [ lehol] ds + s — ro] (139)
Y
The muscle-tendon deformation velocity Vy, is given in (140) by the time
derivative of its length L, : considering that the geodesic is fixed to the surface
during the wrapping, only the straight segments contribute to the curved
actuator deformation velocity.

d B _oT (i _ oy Ya=laiti
dt(”rp rall) = ¥y (fp — 1a) tp = Jpjd;
i ol (e _ vy To=lod (140)
dt(”“B rol) = ¥z (5 — fq) s = Jpid

Vin = V1 (Fp — 1) + Vi, (5 — Q)

While the muscle-tendon length and deformation velocity L,, and V,;, are
determined from the kinematics of the muscle attachment/wrapping points,
the geometrical quantities related to the single units are unknown. The muscle-
tendon length is the sum of the tendon length plus the projection of the muscle
one while, according to the Hill hypotheses (Silva and Ambroésio, 2003;
Millard et al., 2013; Jovanovic, Vranic and Miljkovic, 2015), the muscle-
tendon width can be considered as constant and equal to the width in
correspondence of the given optimal fibres length 1, and pennation angle ay:
this provides an expression in (141) for the muscle length 1,, and pennation
angle o, dependent on the tendon length l;.

lm sin ap = ]0 sinq lm = \/(10 sin 0(0)2 + .(Lm - lt)z 141
Lm = l¢ + 1y cosay - &, = arctan (1051—1101‘0) (141)
m -~ it

The first time derivative of the muscle length provides in (142) its
deformation velocity v,,,, dependent on the tendon deformation velocity v, and
its length 1; through the pennation angle.

Vi = (Vi — v¢) cos ay, (142)

For the musculoskeletal kinematics intensities analysed in this work, the
tendon dynamics can be neglected and it becomes a simple force transmitter,
so its length can be considered as constant and equal to its slack one l;y and,
as a consequence, its deformation velocity is null: this provides in (143) a
functional relationship between the muscle-tendon quantities L,, and V,
coming from the bodies’ kinematics and the muscle length 1,,,, deformation
velocity vy, and pennation angle o,.

Im = Vo sin )2 + (L — lp)?

L . Vi = Vi COS ay (143)
Vin lp sinay
ap = arctan (—)
Lm - 1tO
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Once the above muscle states are evaluated, its force production can be
determined in (144): in particular, the muscle force f;,, can be decomposed
into an active contribution due to the CE, fcg, , scaled by the muscular

activation ay, and a passive contribution due to the PE, fpg, .
{fCEm = fi(Im)fy (vin)fo cos Up
fpem = fE(Im)fo cos ap
Therefore, the muscle force vector f in the Multi-Body EoM can be written
in (145) as a linear function of the muscle activation vector a through a
diagonal matrix Fcg and the passive force vector fpg.

o], o

Noting that the matrix Fcg and the vector fpg are known from the bodies’
kinematics, the muscle generalised force vector Q,, can be decomposed into
the active and the passive contributions, so that the musculoskeletal Multi-
Body EoM in (146) becomes a linear system in the unknown muscle activation
a and the Lagrange multipliers A, which is the tool answering to the inverse
dynamics question: what driving and reactions forces are produced during a
known kinematics?

AT(Fcga + fpp) — PgA =M — Q, — Q.
[ATFce —@7][}] = Md - Q, — Q. — ATy

The length of the EoM unknown vector is the number of muscles plus the
number of the constraints, which is generally much longer than the number of
equations due to the redundancy of the muscular actuation system: there are
far more muscles than DoF to move in the musculoskeletal system. As a

consequence, the obtained EoM linear system is underdetermined and its
solution needs further considerations.

fm = ameEm + prm (144‘)

_|_

am

prm] g f= FCEa + pr (145)

(146)

1.6. Musculoskeletal simulation optimizations
1.6.1. Static Optimization

The Multi-Body system EoM in the unknown muscle activations and
Lagrange multipliers requires a method to solve the lower number of
equations with respect to the unknowns; for a musculoskeletal system the
characterization of the criterion adopted by the brain to choose what muscle
to activate and with which intensity to produce the given kinematics, matches
the need.

In fact it is assumed that the brain makes the above choice by minimizing
the effort, the energy required to generate a movement (Silva and Ambrdsio,
2003; Silva, Pereira and Martins, 2011; Quental et al., 2013, 2018; Oliveira,
2016; Quental, Folgado and Ambrosio, 2016): the energetic muscle effort can
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be related to the sum of the squared muscle activations, so the inverse
dynamics problem can be set in (147) as the research of the muscle activations
(and the Lagrange multipliers) that minimize the effort while subjected to the
constraints, to the inertial and the external actions; then, the minimization
problem has to be coupled with the linear equality constraint represented by
the EoM and with the linear inequality constraints bounding the muscle
activations between 0 and 1. Recalling the role of the residual actuators
represented by the mobility Lagrange multipliers Ap, also their effort has to
be minimized together with the muscles’ one.
min aTa+ 204,

[ATFee —@]][3] = Md— Q, - Q. — ATfg (147)

0<a<1

The above procedure is called “static optimization” since it is performed at
each discrete time instant and it can be solved with any optimizer, which can
be supplied also by the gradient and the Hessian of the objective function and
of the constraints: in this case the constraints are both linear so their gradient
is not needed and their Hessian is null, while the objective function is
quadratic so its derivatives are straight-forward to derive.

The unknowns are collected in the vector X, so the activations a and the
mobility Lagrange multipliers Ap can be extracted from x by the application
of the matrices I, and I, (eq. (148)).

a=[1 0 0 0[ \=lax
i H )

Ac
I 0] | = = Ipx
Ap
Let highlight in (149) the quadratic form of the objective function f with

respect to the unknowns X, so that its gradient g and its Hessian H can be easily
evaluated,

f(x) = aTa+ ApAp = xT(ITL, + IIp)x
g(x) = ff (x) = 2(IT1, + IIp)x (149)
H =g, = 2(I71, + IfIp)
The EoM linear equality constraint is given by the definition in (150) of
the matrix C and the vector b.
C=[A"Fg —®4] b=M{j—Q,—Q.—ATfpg (150)
The activation bounds linear inequality constraints are given by the
definition in (151) of the matrix G and the vector n.

G= [_I:,a] n= [‘1’] (151)
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Finally, the static optimization problem referred to the inverse dynamics of
the musculoskeletal system can be written in general form in (152).

mxin f(x)

Cx=b (152)

Gx<n

The above problem represents the last step to completely characterize the
inverse dynamics of the musculoskeletal system and it is able to evaluate the
muscle activations a and the Lagrange multipliers A generated by a known
kinematics of the system Lagrangian coordinates q, which is in turn produced
by a known time evolution of the system DoF d and governed by the constraint
equations @ (eq. (153)).

min aTa+ 204,

P@D=0 [aTh; -@f][}] =Md—-Q - Q. - AT (159
0<ac<1

1.6.2. Inverse Kinematics

In the context of biomechanics simulations, the optimization is widely used
also at the kinematical analysis level; the DoF d of a Multi-Body system, even
during an inverse dynamics analysis, are generally unknown, but the
musculoskeletal kinematics can be recorded in Motion Capture laboratories
with the application of markers on the person skin, so the time evolution of
their trajectories over time is available. The procedure that leads to the
evaluation of the system DoF that match the recorded marker positions is
called inverse kinematics and it is generally conducted with an optimization
routine.

With reference to the Figure 31, let say that the k maker is fixed to the body
i and located in its frame by the vector Uy: then, its global position ry can be
written in (154) as a function of the body i Lagrangian coordinates.

r(qi) = t; + Riug (154)

46



Biomechanics

Figure 31 Marker attached to a rigid body

The above is extended for a set of n,, markers, introducing the relation
(155) between the recorder marker positions p and the r ones obtained through
the unknown Multi-Body system Lagrangian coordinates q.

[r:k - p=r(q (155)

The obtained vector relationship links the 3n,,, 3D marker positions to the
7(ng — 1) Lagrangian coordinates and no information about the DoF is given
at the moment; it is known that the Lagrangian coordinates q and the DoF d
are related by the constraint equations @, which represent the position
problem solvable iteratively by the Newton method as described previously:
so, if one had the set of DoF d, the marker positions p could be derived after
solving the position problem, as reported in the eq. (156).

d > #(qd)=0 - p=r(q (156)

The musculoskeletal inverse kinematics is based on the above functional
chain: it searches for the set of DoF d that minimizes the sum of the squared
errors e with respect to the recorder marker positions p (eq. (157)).

e(d) =r(a@d)-p - mine"(d)e(d) (157)

In this case the objective function f is no more quadratic with respect to the
minimizing variables, i.e., the DoF d, but its gradient g can be anyway
evaluated by combining the Jacobian rqy coming from the variational
relationships and the matrix B relating the virtual Lagrangian displacements

to the DoF ones introduced into the embedding technique explanation (eq.
(158)).

t; + Rjuy

or =

51:‘](] = [ [1 —l%ii_vlk(_}i] ] [[:33;11” =rq8q (158)
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6q = Béd
Then, the objective function gradient g is given in the eq. (159); let note
that with this approach the DoF d and the Lagrangian coordinates q are
simultaneously obtained after the minimization.
f(d) = e"(d)e(d)
fq = 2eTeq = 2e'r B
Finally, once all the introduced and described tools are assembled, a
powerful tool that evaluates the muscle activations a and the Lagrange
multipliers A starting from the knowledge of the marker positions p by solving
the inverse kinematics and the inverse dynamics of the Multi-Body
musculoskeletal system is developed (eq. (160)).
min aTa+ 204,

mdin eT(d)E(d) [ATFCE _(bg] [;] — Mq _ QV _ Qe _ ATfPE (160)
0<a<i1

g=f{ =2B"rje (159)

1.7. Simulations

In this section the musculoskeletal inverse dynamics simulation results
based on the theory developed previously are reported.

The two analysed systems are an upper limb and a lower limb models: the
input data are taken from models available on the OpenSim® software, i.e.,
an open-source software dedicated to the Multi-Body kinematical and
dynamical simulations, particularly focused on the biomechanical systems.

The two models shown in the Figure 32 with their bones, muscle red
segments and pink markers are:

e the “arm26” musculoskeletal model (Holzbaur, Murray and Delp,
2005) composed by 3 markers, by the humerus and the radius-
ulna bodies, by the shoulder and the elbow joints and by 6 muscles
being the biceps, the triceps and the brachialis; the system is
defined in the torso reference frame (playing the role of the
ground) and the joints are able to rotate only in the sagittal (lateral
plane), providing the 2 DoF of the mechanism;

o the “gait2392” musculoskeletal model (Yamaguchi and Zajac,
1989; Delp et al., 1990; Anderson and Pandy, 1999, 2001; Arnold
et al, 2010) composed by 31 markers,12 bodies, i.e., 3
kinematical open chains being the two legs and the torso
converging in the pelvis, by 15 joints providing 23 DoF to the
mechanism and by 92 muscles; the system is defined with respect
to the ground reference frame from which the ground reaction
forces, measured by instrumented platforms during the Motion
Capture in terms of components and position of the application
point, are applied to the right and the left calcaneus bodies.
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Figure 32 OpenSim® musculoskeletal models arm26 and gait2392

The Multi-Body theory developed to perform the inverse dynamics
simulation is implemented in this work in a Matlab® code that performs the
several phases of the pipeline that starts from the marker trajectories and leads
to the muscle activations and the Lagrange multipliers.

The data taken from the OpenSim® models are organized into an excel file
that is read by the developed Matlab® script and they are processed; then, the
script provides the musculoskeletal system and the output data plots.

Joint angles, joint driving torques, muscle forces and joint reactions
regarding the lower limb system simulation will be compared against the
OpenSim® software calculations, while the calculated hip joint reactions will
be further compared with in vivo data discussed in the next.

1.7.1. Upper limb

The excel file referred to the arm26 musculoskeletal system is organized
as follows:

e the Body sheet (Figure 33) contains information about the
involved bodies’ name, mass, inertia tensor and mass centre local
position (this latter information is needed since the OpenSim®
body frames have the origin in correspondence of the parent
joint);
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A B c D E F G H | J
Body properties
68
Bod Mass Principal inertia moments Center of mass local position
o
v mlkg) | Lo [kgm] I lkgm’] I, (kgm’]| u,(m] u (m] u,(m]
ground 0 0 0 0 1] 0 0
M_humerus 1,864572 0,01481 0,004551 0,013193| 0 -0,1805 0
r\_ulna\_radius\_hand 1,534315| 0,019281 0,001571 _ 0,020062 0 -0,18148 0]
Body = Marker Joint  Wrapping object  Muscle External action +

Figure 33 Excel input file Body sheet

e the Marker sheet (Figure 34) contains information about the
markers’ name, local position with respect to the reference body,

the discrete time vector and their trajectories over time;

A
Marker name and references | Time

B
positions |

E6:18

E13:N133

1
2
3
4
6
7
8
9
10
1
12
13
14
15
16
17
18
19
20
21
22
23
24
5

Body

Marker

Joint

D

Wrapping object

E F G H ] K L M N
Marker Refaranca body Local position.
U m]  uy[m]  u[m]
A_acromion ground 001256 004 017
P\_humerus)_epicondyle|r\_humerus 0005 -02904 003
r\_radius\_styloid r\_ulna\_radius\_hand | -0,0011 -0,23559 10,0943
Time Marker
t[s] x [m] y(m] z[m] | w[m] y[m] z[m] | x[m] y[m] 2[m]
o 0013058522 0,03951 0,16951( -0,01256 -0,29741 0,19998| 0,01312 053357 0,25142]
0,008333333 0012960648 00395  0,1696( -001257 -0,29742 0,10908( -001287 -05336 025138
0,016666667 -0,012853425 0,03971 0,16871] -0,01257 029743 0,19987| -0,01258 053363 0,25135
0,025 0,012736429 003982 0,16982| -0,01258 -0,29744 0,19996| -0,01225 -0,53366 0,25131
0,033333333] -0,012613556 0,03995 0,16995| -0,01258 -0,29744 0,19996| -0,01184 -0,53369 0,25127
0,041666667| 0,012488899 0,04007 0,17007| -0,01259 -0,29744 0,19996| -0,01133 -0,53371 0,25122
0,05 -0,01236661 0,04019 0,17019| -0,01259 -0,29744 0,19996| -0,01072 -0,53374 0,25118|
0 0012250763 0,04031 0,17031( 001259 029744 0,19906| 000998 053376 025112
0,066666667] -0,012145217 0,04041 0,17041) -0,01250 -020744 0,19996 -0,0091 -053378 0,25107
0,075 -0,012053487 0,04051 0,17051] -0,01258 029744 0,19996| -0,00808 -05338 0,25101
0,083333333] -0,011978629 0,04058 0,17058| -0,01258 -0,29743 0,19997| -0,00692 -0,53381 0,25094|
0,091666667 0011923137 004084 0,17064 0,01257 029743 0,19997| -0,00561 053381 0,25087
01 -0011888858 0,04067 0,17067| -001256 -0,29742 0,19998( -000415 05338 025079
Muscle  External action i i 4

Figure 34 Excel input file Marker sheet

e the Joint sheet (Figure 35) contains information about the joints’
name, kinematical typology, local position with respect to the
parent body, unit vectors along/around which they allow the
relative motion, a topology table identifying the parent/child
relationship between the bodies though the joints, the DoF name
(and a starting trial set for the inverse kinematics) and, eventually,
the points to obtain a cam translation law by spline interpolation
(the arm26 model has no cam joints);
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A c o : 3 3 W X ! " N o 3 a ® s L
B Dagressof | Camjoint
e
2 ABWIO | 61517 | Fo2l | |
2
T acal unitvactors
it Tpe Rotatian 1 Rotatian T Rotation 3 Trasiation 1 Trasiation 2

7 v, [m] wiml__um] v v . v v o o
# r_shaukder Revalute, 0,017545 0007 017 0,0583802 00033 099826136 0 o 0| 0 o o [ [ 0 o 0 o
3 A elbow Revote 0061 02904 00121  0M9A0001 003660001  0.99820825) o o o 0 o 9 o 0 9 o 0 9
10 A hand £ 0 03 o o o o o o o o o 9 o ) 9 o 0 9
Fry
2
1 ot
14 Topology F\_shouldar_r\_slbow __r\_hand Cam spline
15 ground Paren v 8 [rad] 2,0044 -1,74533 -1,39626 -10472 -0,60813 -0,34007 0,1¢
1 s chilg parent ety | | oos oomacs aesr2 goour oo0aes oporss c
17 \ Child Parent T 8 frad) -2,0944 -122173 05236 -0,34907 017453 0,15915
18 uplm] | 048482 04683 04STTS DASE4 0455 045346 DA
» L] | 20044 174533 139626 L0472 069813 034507 o
» tooot | Wil | 000267 oo apotz2 apor oouwas -ogons wooase ¢
2 o 8 [vad] 2,0044 -122173 05236 -D34907 -0,17453 0,15915  2,0944
n uslm] | 048482 -04683 -045775 -DAS614 0,455 -045346 -0,45431
5

Body  Marker Joint  Wrappingobject  Muscle  Extemal action + « »

Figure 35 Excel input file Joint sheet

e the Wrapping object sheet (Figure 36) contains information about
the wrapping surfaces name, geometry, local position and
orientation (Euler angles) with respect to the reference body and
numerical parameters to simulate the geodesic finite difference
marching;
A B C D E F G H I 1 K L M N 0
1 _Wrapping surface properties | Numerical solver constants
2 D5:08 F11:F14
3 Wrap surface shape | Ref body Local position Local orientation Geometry
4 u,[m]  u,[m] u,[m] | B, [rad] 8, [rad) 8,[rad] |r/s,[m] h/s, [m] s,[m]
5 TRIlongglen oyl [ground 0,04391 -D,0039 0,1478] 1,37532 029461 2,43506| 0,003 0,03 of
6 TRIlonghh el [r\_humerus 00078 -0,0041 -0,0014| 3,00162 -0,85347 257418 0,035 0,02 0,02
7 BiClonghh el [r\_humerus 0,0033 00073 0,0003| -2,00434 1,00164 097547 0,025 0,02 0,02
8 TRI oyl |\ _humerus 0,0008 -0,2919 -0,0068| -0,14015 -0,00628 0,15493] 0,016 0,05 of
0
1 Geodesic steps n, 10
12 Tolerance tol 1,00E-05
13 Increment ratio £ 1,00E-05|
14 Relaxation w 0,5]
15
16
17
18
19
20
21
22
Body  Marker Joint Wrapping object  pMuscle External action ar 4

Figure 36 Excel input file Wrapping object sheet

the Muscle sheet (Figure 37) contains information about the

muscles’ name, Hill parameters, attachment points local position
with respect to reference bodies and a table identifying which
muscle segments is able to curve around the wrapping surfaces;
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F5:510 | urpa | G1621
Mo TR Wiwl il s dl vt v e e bt bt ®
THiorg e 61 03 o 0 03 T o6 T om0
6 st 63  OIB 0p 01578 W 05 4 03 1 30 o
7 Thimed 6243 Dl Ofsce 03508 10 05 4 a1 1 1m0
] wicions 6243 ousT 02723 o w0 s 0 1 30 o
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1 I \ ' \ . 0027 0114 -000)
1 aiclong \ \ 2 \ Thrlong |\ ooz 02 0ong
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2 BRA \ \ 1 002 om oo
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23 0,023 0,145 0,009
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Body Marker Joint  Wrapping object  Musdle  External action t H v

Figure 37 Excel input file Muscle sheet

e the External action sheet (Figure 38) contains information about
the eventual external forces/torques time evolution, their
application point local position with respect to the reference body
and the gravity acceleration vector with respect to the ground
reference frame (while the external gravity forces are always
included in the simulations, the arm26 is not subjected to further
external actions).

A [ c ) : ; G i K L " u o 3 a R s T
1 _Gravh
2w | 0 ]
3
4 LSEBLS Gravity accaleration vector Time | 101 | 0000833 001667 0075 003333 004167 005 005633 0066E
5 B m/s’] g, Imfs] g Im/s'] Action to Reference body __|Weight |\ ulna),_radws\_hand
6 T o FoH] o o o o o [ [ 0
7 e Fo ] 4905 4905 4905 4905 4905 4905 4905 4905 490
s FulN] o o o o o o o o
5 Tow [Nem] o o o o o o o o
- External actians . T M) o o 0 ) o o 0 0
n T W] o o o o o o o
1z ) o o o o o [ o o
1 u ey [m] 01185 01185 01185 0185 0185 0185 015 01185 0118
1 s [m] 001 0pi 001 0pi  0pi  0pd  ops 04 of
15 Eppication =1
15
e
18
1
2
2
n
5
2
Body Marker Joint Wrapping object  Muscle ~ External action i P — >

Figure 38 Excel input file External action sheet

Starting with the arm26 model simulation, the input marker trajectories are
shown in the Figure 39.

Marker trajectories
X-position iti

0.25 A y 026
ol
o 0.24
01t
015
E T 0z2: g 02
= 01 = =
=< _acromion =-03  os
0.05 r_humerus_epicondyle
r_radius_slyloid | 04t
0.18
0 05 ¢ s R
0.05 06 . 0.16 - . .
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
t[s] t(s] Ul

Figure 39 Marker trajectories for the arm26 model
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The above is represented in the 3D space in the Figure 40 showing that the
input kinematics is characterised by a fixed shoulder and by a rotating elbow
of about 90° in 1 second: the ground reference frame is shown with the black
circle origin and the red-yellow-green xyz axes, while the markers are the pink
dots.

t=0s 1=0.33333 s t=0.66667 s

¥ [m]
m)

¥ [m]

Figure 40 Markers of the arm26 model

The inverse kinematics provided the DoF time evolution reported in the
Figure 41, i.e., the shoulder and elbow revolute joint angles. It is specified that
from here on the labels regarding the DoF will report the measurement units
of [m or rad], identifying the [m] measure for the translational DoF or the [rad]
for the rotational DoF.

Inverse kinematics
DoF

r_shoulder_elev
r_elbow_flex

08

0.6

d(t) [m or rad]

04

02

-0.2

t[s]
Figure 41 DoF of the arm26 model

Recalling that the inverse kinematics elaborates at the same time both the
DoF and the system Lagrangian coordinates, the bodies of the musculoskeletal
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system can be visualised in the Figure 42: they are drawn as black segments,
delimited by the joint circles, to which the local reference frames with green
mass centre are associated.

t=0s t=0.33333s 12066667 s tuis

Figure 42 Bodies of the arm26 model

At this point, the system Lagrange multipliers in absence of the muscular
actuation system are evaluated and depicted in the Figure 43: let recall that
they are the responsible for the constraint, mobility and body equations
validity, so it could be interesting from the biomechanical point of view to
have the net torque at the level of the shoulder and the elbow joints (mobility
multipliers) that move the musculoskeletal system according to the provided
kinematics. Again, it is specified that from here on the labels regarding the
Lagrange multipliers quantities will report the measurement units of [N or
Nm], identifying the [N] measure for the multipliers referring to a constraint
equation locking a relative translation, i.e., forces, or the [Nm] for the
multipliers referring to a constraint equation locking a relative rotation, i.e.,
torques.

Inverse dynamics - Driving actions

_ Constraint Lagrange multipli . Mobility Lagrange multipli Body Lagrange
J‘ :

r_shoulder_elev
—— _elbow_flex

—r_shoulder_# |

—1_shoulder_i,, -10

r_elbow_t
" 15
. E-

~hgft) [N ar Nev
“Ag(l) IN ar Nem)

:35 \f

0 02 04 06 08 1 0 02 04 06 0.8 1 [ 0.2 0.4 0.6 0.8 1
Llsl Lls] tisl

Figure 43 Lagrange multipliers in absence of muscles for the arm26 model

In order to introduce the muscular actuation system, the kinematics of the
system wrapping surfaces has to be evaluated: they are included in the system
plot as cyan surfaces respecting their cylinder/ellipsoid geometries in the
Figure 44.
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t=0s £=033333 s = 0.66667 s t=1s

ylml
y[m)

Figure 44 Wrapping surfaces of the arm26 model

Then, the muscle path (straight segments and eventual curves) can be
evaluated: they are shown in the Figure 45, where the muscles are drawn as
blue curves and the zooms about the upper limb wrapping muscles are
provided, in particular the long bicep around an ellipsoid fixed to the shoulder,
the brachialis around the front part of the cylinder fixed to elbow and the
triceps around the back part of the same cylinder.

t=0s t=0.33333s 1=0.66667 s t=1s

Figure 45 Muscles of the arm26 model

At this point, the static optimization provided the muscle activations and
the Lagrange multipliers that are produced during the input kinematics: they
are shown in the Figure 46, where, in addition to the joint reaction information,
one can analyse the role of the muscles during the kinematics, in particular the
increasing activation of the long bicep (and the delimited one of the short
bicep) to rotate the forearm around the elbow and the activation of the lateral
and the medial triceps to brake the rotation in the last part of the movement; it
is worth to note that the presence of the residual actions (mobility multipliers)
it’s useful from the modelling point of view: if the static optimization (that
tries to minimize also that residual actions) provides high mobility multipliers,
it means that the muscular actuation system is not well modelled, in terms of
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attachment points location or force production capacity or maybe some muscle
is missing, because, due to the EoM constraint, the mobility multipliers will
compensate at the DoF level the given muscles’ inability to produce the force
(and the moments) needed to produce that motion.

Inverse dynamics - Static optimization
Activation Joint reactions

_aloow_6 ,

T st

Residual actions Body Lagrange

r_humerus
r_ulna_radius_hand

005+ 005 -

r_shoulder_elev
r_eibow_flex

A (1) N or Nm]

D'
B
~Ag(t) [N or Nm]

005 g 015

t[s] tis]

Figure 46 Muscle activations and Lagrange multipliers for the arm26 model

Furthermore, the muscle states in terms of force transmitted through the
tendon, length and deformation velocity of the muscle fibres and pennation
angle can be evaluated: they are shown for the simulated upper limb system
in the Figure 47, where it can be appreciated the passive force production of
the long tricep (since there was no activation in the previous) and the sudden
change in deformation velocity of the triceps and the brachialis muscles due
to their wrapping.

Muscle states

Muscle-tendon forces i Muscle length
. ‘ 0.

TRilong
TRilat
TRimed
BiClong
—— BiCshort
150 t R

0.16

0 0z 04 0.6 08 1 [ 02 04 06 08
tis] tis]

Pennation angle Muscle velocity
0.05 - ~

) fmis)
/

v (1) [mis

a,t) [rad]

01t -0.05 -

Figure 47 Muscle states for the arm26 model

Finally, the simulated upper limb musculoskeletal system is visualised in
the Figure 48, where the muscle paths have a colour shade that goes from blue
(no activation) to red (full activation).
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Figure 48 Solved musculoskeletal system of the arm26 model

1.7.2. Lower limb
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Let move to the lower limb gait2392 musculoskeletal system that will
provide the tribological operating conditions in terms of loading and relative
motion referred to the hip joint. Since the gait2392 model is characterized by
far more data with respect to the arm26 one, only 3 information included in
the associated excel input file are shown in the Figure 49, i.e., the joints

kinematical typology, the DoF and the topology table.
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Figure 49 Joints, DoF and topology of the gait2392 model

The marker trajectories for the gait2392 model are depicted in the Figure

50.
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v Sacral Marker trajectories

R Thigh Upper

x-position y-position

z-position

2,1 m]

2 22 24 26 28 3 2 22 24 26 28 3 2 22 24 26 28 3
tisl tis] tis)

Figure 50 Marker trajectories for the gait2392 model

The above kinematic input refers to a gait cycle, i.e., the normal walking
starting with the stance phase when the right heel strikes the ground,
proceeding to the swing phase when the right foot toes leave the ground and
ending in correspondence of the next ground heel strike: it lasts for about one
second and the marker trajectories in the 3D space reported in the Figure 51
give a better sketch.

t=1833s 1=2s t=21835 1=2355

yiml

ximl zm

Figure 51 Markers of the gait2392 model

The inverse kinematics provided the lower limb DoF during the gait cycle:
in the Figure 52 the time evolution of the DoF referred to the right leg main
joints is reported, i.e., the 3 hip rotations (flexion/extension,
adduction/abduction and internal/external rotation), the knee and the ankle
rotations; the same joint angles computed by the OpenSim® routine are
reported in the same graph.
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DoF comparison

Matlan hip_flexion_r
Matiab hip_adduction_r
Matlab hip_rotation_r
Matiab knea_angla_r
Matlab ankla_angle_r
OpenSim hip_flexion_r
OpanSim hip_adduction_r
OpenSim hip_ratation_r
OpenSim knee_angle_r
OpanSim ankia_angle_r

DoF [rad]

L )
o 10 20 30 40 50 60 70 80 20 100
% Gait

Figure 52 Right leg DoF of the gait2392 model

A quantitative comparison between the angles computed by the proposed
model and the OpenSim® software is given in the Figure 53 reporting the
error metrics of Normalised Root Mean Square Error, NRMSE, and
correlation coefficient R.

DoF comparison
NRMSE=0.086684 R=0.88839

02

-0.2

-04

Matlab

0.6

08l

-1.2 -1 0.8 -06 -0.4 -0.2 0 02
OpenSim

Figure 53 Right leg DoF error metrics between Matlab® and OpenSim®

Again, the bodies configuration can be evaluated: in the Figure 54 they are
shown together with the ground reaction forces represented by the 2 green
arrows rising from the ground when the feet are in their stance phase.
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Figure 54 Bodies and ground reaction forces of the gait2392 model

The two ground reaction forces applied to the right and the left calcaneus
bodies are depicted in the Figure 55 in terms of force/torque components and
coordinates of the application point (in this case with respect to the ground).

Figure 55 Ground reaction forces of the gait2392 model
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The above is enough to evaluate the lower limb musculoskeletal system
Lagrange multiplier in absence of muscles: in the Figure 56 the Lagrange
multipliers referred to the right leg main bodies and joints, i.e.,
femur/tibia/calcaneus and hip/knee/ankle, are shown; again, it is interesting to
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evaluate the driving net torques that move the hip, the knee and the ankle DoF
during the gait cycle.

Inverse dynamics - Driving actions

hip_r_t, Constraint Lagrange multipliers Mobility Lagrange multipliers Body Lagrange multipliers
x 800 ! . 50 : : [y— 3 e
—— i, '8
Nprt, | 02
knee_r t 600 I N
knee rt | Il _ _ 04
Y E I 3 E
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Figure 56 Right leg Lagrange multipliers in absence of muscles for the
gait2392 model

A further comparison with respect to the OpenSim® benchmark at the
level of the joint net torques, i.e., the driving forces represented by the

mobility Lagrange multipliers reported in the Figure 56, is given in the Figure
57.

Driving forces comparison
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Figure 57 Right leg net torques of the gait2392 model

The error metrics referred to the data in the Figure 57 are reported in the
Figure 58.
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Driving forces comparison
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Figure 58 Right leg joint net torques error metrics between Matlab® and
OpenSim®

Then, the kinematics of the wrapping surfaces included in the gait2392
system is identified and reported in the Figure 59.
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Figure 59 Wrapping surfaces of the gait2392 model

Hence, the muscle paths are evaluated and shown in the Figure 60.
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Figure 60 Muscles of the gait2392 model

Therefore, the static optimization is conducted and the muscle activations
and Lagrange multipliers are evaluated. In the Figure 61 the following is

shown:

activations referred to 4 muscles devoted to the hip
abduction/adduction and flexion/extension, i.e., gluteus
medius/pectineus and iliacus/gluteus maximus, to 2 muscles
devoted to the knee bending/extension, i.e., long biceps
femoris/rectus femoris, and to 2 muscles devoted to the ankle
plantarflexion/dorsiflexion, i.e., soleus/tibialis anterior;
constraint and mobility Lagrange multipliers referred to the main
right leg joints, i.e., the hip, the knee and the ankle;

body Lagrange multipliers referred to the main right leg bodies,
1.€., the femur, the tibia and the calcaneus.
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Inverse dynamics - Static optimization

Activation
08
——— glut_medi_r
bifemih_r
08l pect o
——giut_maxi_r
s fliacus_r
= rect fem ¢
T4 soleus_r

tb_ant_r

2 22 24 26 28 3
tls]

— hip_flexion_r
hip_adduction_r
hip_rotation._r
knes_angle 1
- ankle_angle r

Agft) [N or Nm]

2 22 24 26 28 3
tis]

4000

3000

“A(t) [N or N

2000

Joint reactions.

2

=
2 22 24 26 28 3
sl

Body Lagrange multipliers
./

sl

Figure 61 Right leg muscle activations and Lagrange multipliers for the

gait2392 model

Finally, the states referred to the same muscles are reported in the Figure

62.

Muscle states
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Figure 62 Right leg muscle states for the gait2392 model

Before proceeding with the visualization of the solved lower limb
musculoskeletal system, two further comparisons with respect to the

OpenSim® simulation are given:

o the one associated with the muscle forces generated by the gluteus
medius, the iliacus and soleus muscles (time evolution in the
Figure 63 and error metrics in the Figure 64);

e the one associated with the hip joint reactions (time evolution in
the Figure 65 and error metrics in the Figure 66).
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Hip joint reactions comparison
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Figure 66 Hip joint reactions error metrics between Matlab® and OpenSim®

Lastly, the solved lower limb musculoskeletal system is visualised in the
Figure 67, with the muscles coloured based on their activations.
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Figure 67 Solved musculoskeletal system of the gait2392 model

Among all the outputs that could be of interest from a biomechanical point
of view, surely in this work the hip joint loading and relative motion are of
great importance for the next tribological part. In order to elaborate them, let
focus on the constraint generalised force vector Q; in the eq. (161).

Q) = —PgA (161)

Let focus now on the contributions to Q, provided by the right hip joint ]
that links the pelvis parent body i to the right femur child body j from the
constraint point of view (we are interested into the constraint and not the
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mobility of the joint): the related contributions Qyc; and Q,¢; are obtained in
(162) by projecting the hip constraint multipliers A¢j in the Multi-Body system
space through the respective sub-blocks of the constraint Jacobian Cg.

Qxcl [ qll]
Q}‘C’ CqIJ

Let refer now to the forces that load the femur body F¢j; (Tgy; is a 4x1
vector representing a rotational action affecting the body j quaternion): let
rotate them in the femur frame by the means of its rotation matrix R; to obtain
the hip-in-femur loads Fgj; in (163), which components refer to the
Anterior/Posterior, Proximal/Distal and Medial/Lateral direction.

Fap
Qicj = —CgjiAgy = TC]] - Fgj;=R]Fg; = FPD (163)

The obtained hip loads in the femur frame FC]]- can be directly compared
with the well-known Bergmann loads, i.e., average hip loads during the gait
cycle obtained in vivo from experiments in which instrumented artificial hip
joints were implanted into a wide set of subjects (Bergmann et al., 2016): this
provides a reliable benchmark for the biomechanical simulations. The
comparison between the hip loads in silico (obtained in this work) and in vivo
(given by Bergmann) for the gait cycle kinematics is provided in the Figure
68 with the related error metrics, demonstrating a good reliability of the
developed computational tool.
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Figure 68 Hip loads comparison with Bergmann in vivo measurements

Then, the hip relative motion is identified by the angular velocity vector
®j; in the eq. (164), which is obtained with the difference between the femur
body j and the pelvis body i global velocities (through the bodies quaternion
0;, 8; and time derivatives 0;, 9]-) and then rotated in the femur reference
frame.
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o, = G0, AP
mf _ Gf g? - o =R (0j— ;) = [wPD] (164)

] 1) WML

The obtained relative angular velocity is shown in the Figure 69 with the
hip loads: the two vectors together are the tribological operating conditions
affecting the lubrication/contact regime governing the interaction between the
acetabular cup and the femoral head surfaces during the gait cycle.

Hip tribological inputs
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Figure 69 Gait cycle hip loads and velocities

The results obtained in the biomechanics part of this work refer to the
manuscripts produced by the author (Ruggiero and Sicilia, 2020b, 2021a,
2022a, 2022c¢, 2024; Sicilia, De Stefano and Ruggiero, 2024).
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2. Tribology

In this chapter the techniques adopted by the author to numerically
simulate the lubrication/contact regime governing the interaction between the
conjugated surfaces composing a tribo-system are discussed. While the
numerical strategies to model the main lubrication modes, i.e., HL, EHL and
ML, are presented, a particular focus is devoted to the implementation of three
deformation models (spring, FEM and BEM) and to the implication of their
introduction into the numerical solving of the Reynolds lubrication equation;
furthermore, the ML modelling will take into account two strategies to handle
the coexistence between fluid and contact pressure within the couple, i.e., the
splitting pressure approach for the associated THR simulation and the unified
pressure approach for the rectangular tribo-system simulation, while
introducing also DCM solvers, roughness generation and surface wear. Then,
three simulations are presented:

e the ML of THR with operating conditions coming from the inverse
dynamics Multi-Body results, providing an estimation of the implant
wear during the gait cycle kinematics;

e the EHL of a ball-in-socket tribo-system which deformation is
obtained by a FEM model;

e the ML of a rectangular tribo-system with BEM deformation model
considering the unified pressure approach, the roughness and the
wear, which is compared also with the results of the associated
simulation in DCM regime.

Finally, the last section is devoted to the transient EHL. modelling, where
the author focused on the coupling of the lubrication, the gap and load balance
equations providing a DAE system that is marched over time with several
implicit integrators and for different sliding and loading time-varying inputs,
giving interesting discussions about the waves characterising the transient
phase of line-contact systems.

2.1. Hydrodynamic Lubrication

Let recall that the Reynolds lubrication equation (Reynolds, 1886) in the
system (165) is conceived for HL regime, so, since the surfaces are rigid (the
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gap h is not dependent on the lubricant pressure p, but it comes from the
normal shift of the geometrical gap g by the approach §) and the lubricant fluid
is iso-viscous (the viscosity [ is a constant), it is a linear elliptical PDE in the
pressure p unknown that has to balance the external applied load N; from a
conceptual point of view:

e the geometrical gap g and the surfaces’ tangential velocities U
generate positive lubricant pressure p in the zones of the domain
Q characterised by channels converging along the sliding
direction through the Couette flow velocity, i.e., the first right-
hand-side term;

e the load balance demands lubricant pressure p to match the
applied load N and, even if not directly, it acts on the surfaces’
rigid approach & providing pressure by constraining the lubricant
to flow across narrow channels and by affecting the squeeze flow
velocity, i.e., the second right-hand-side term;

e the interplay between the given sliding effect, i.e., the surfaces’
tangential relative motion, and the squeeze effect, i.e., the
surfaces’ normal relative motion triggered by the given normal
load, determines the pressure generation through the Poiseuille
flow velocity, i.e., the left-hand-side term dealing with the
lubricant pressure gradients.

(v (2 vp)=v ) + 2
12 P) = at

Jh(x 0 =gx) -8V (165)

N(t) = fp(x,t) dA

Q
Before addressing the numerical discretization of the Reynolds equation, let
introduce some interesting tribological quantities coming from the fluid
dynamics of the full-film lubricated system in hydrodynamic regime.

With reference to the Figure 10, given the lower surface velocities vector
U; and the upper one U,, the so called entraining velocity U appearing in the
Reynolds equation is given in (166) by the surfaces’ velocities arithmetical
average, while the sliding velocity vector V is defined through their difference;
let note that the surfaces’ velocities are generally time-varying inputs constant
everywhere over the domain (0, but they can exhibit a spatial variation in case
of particular tribo-system geometries, e.g., the spherical one that will be

addressed in the next.
U, +U
U=% V=U,-U, (166)

Defining with y the normal contact axis that goes from 0 to the gap h in a
general position of the contact domain X, the fluid tangential velocity vector
u is given in (167) by the superposition of the Poiseuille contribution
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(dependent on the lubricant pressure gradient and quadratic with respect to y)
and the Couette one (dealing with the sliding velocity and linear with respect

toy).
1 .V
u(x,y,t) = —Z—HVp(hy—y )+Ey+U1 (167)

The fluid shear stress vector T is obtained in (168) according to the
Reynolds hypothesis of Newtonian fluid.

w0 =1 - oo 2y + Y (168)
Xy, —“ay— > p y Hh

In order to define the surfaces shear stresses t; and T, in (169), the (168)
has to be evaluated in correspondence of y equal to 0 for the lower surface and
equal to h for the upper one.

h A"
T(xt) =10t = —EVp + N

v (169)

h
T,xt) =—t(x,ht) = —EVp —Hy
Therefore, the surfaces tangential viscous forces T; and T, resulting from
the tribo-system lubrication are evaluated in (170) by integrating the related
shear stress over the domain surface.

T, () = f LxdA T = f 4, (x, ) dA (170)
0 0
Finally, the viscous friction coefficients vectors f; and f, can be obtained
by a Coulomb-like friction law in (171) accounting for the given normal load.
T, (O] |T, (O]
f,.(t) = f,(t) = 171
The described lubrication actors are shown in a cartesian coordinates
domain in the Figure 70.

71



Chapter 2

p(xz.t) \\(\:’

| h(x,zt) W

N(E)

Figure 70 Lubrication configuration of a cartesian coordinates system

The HL lubrication eqs. (165) in cartesian coordinates are reported in
(172).

d (h3 op 4 d ([ h3 ap _9(hU) 4 d(hw) N oh
dx\12p0x dz\12pdz)  0x 0z Jt
h(x,z,t) = g(x,2z) — 6(t) (172)

N@®) = -U p(x,z,t) dxdz
o

2.1.1. Finite Difference discretization

With the aim to numerically solve the HL problem for a given approach &
with the Finite Difference Method (FDM), let refer to the Reynolds equation
in (173) coupled with the Dirichlet boundary conditions of zero pressure on
the domain bounds 9(Q.

d (h3 ap d ([ h3 ap o(hu) a(hw) oh
&(ﬁ&) +£<ﬁ£) “Tox oz T at (173)
Paa =0
First of all, the domain () has to be discretised into a finite number of points
(xi, Z]-) identified by the spatial indices i and j (positive integers): with
reference to the Figure 71 and to the eq. (174), choosing N points along the x

direction and M points along the z one, the grid will be characterised by Ax
and Az uniform spacings.

. XN —Xq .

i=12,..,N Ax= N_1 X; =X%x1 + (i — 1)Ax

. M — 721 . (174)
i=12,..,M Az = M1 z]-=21+(]—1)Az
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Figure 71 Discrete cartesian domain grid

Then, the objective is to write the Reynolds equation in correspondence of
each (i,j) grid point by approximating the derivatives with the finite
differences and by assuming the field quantities like the pressure p(X,z) to
have the value pj; in that point (Hamrock, Schmid and Jacobson, 2004,
LeVeque, 2007).

Due to the elliptical nature of the Reynolds PDE in HL regime, spatial
central differences are considered: let start with the discretization of the
Poiseuille and the Couette terms along the x direction grouping the known
quantities into € and u, adopting the differencing logic reported in the eq. (175)
referred to the Figure 72.

h3
€= m u=hU
&j + €i41,jPit1,j — Pij _ &i-1j t &ij Pij — Pi-1;
[ﬁ (83_13)] __ 2 Ax 2 Ax (175)
ox ox ij Ax
ul  Ujp1j — Uiy
I:aX:Ii]' B 2Ax
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Poiseuille
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Figure 72 Poiseuille and Couette differencing logic

Evidencing the dependence of the equation in the (i,j) point on the
neighborhood points (i —1,j) and (i + 1,j), the forward/backward finite
difference and the mean [3,1] vectors, i.e., d,+ and m, are defined in (176):
they are intended as operators applied to the stencil vector yy, i.e., the values
of the generic field yj; involved in the differentiation, that allow to highlight
the coefticients multiplying the unknowns.

vy = [Yi-1j Yij Yi+j]T
11 0" -1 1 0o
o [0 12 1]" - [0 Ai{ 1]"
m,=———— dg = — (176)
[i (86_p)] _ (mle,)(dgpy) — (mTe)(di-py)
ax\ ox/l; Ax

In fact, after algebraic manipulation, the (176) assumes the more compact
form reported in (177) where the [3,3] matrix D,, is defined: in a single
operation, the application of D,, executes the operations written in (175)
referred to the Poiseuille term.

a0 m,d; —m_d}-

[a_X (86_2)111- = £I< x Ax > )px = 8IDZXPX a77)

Of course, the same can be done in (178) for the Poiseuille term along the
z direction exploiting the same mean vectors already used in (176) while
defining the z stencil vector y, and the associated forward/backward finite
difference vectors d .

y, = Yij-1 Yij Yij+1
[-1 1 o] d [0 -1 1]7

+ =

d,- = Az 2" = Az (178)

0 (9p\] _ pf(medp—mdi\ .
[5 <££):|1] =& < Az p, = £,D,,p,
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The same logic is adopted for the Couette terms by defining the central
finite difference vectors dyc and d,c in (179), where the w quantity is nothing
the group hW.

[-1 0 17 a_u] _ Uisa mWieay
ﬁ
de = [-1 0o 1]T [a_W] _ Wij1 — Wij-1 _ dow
2¢ = 2A7 0z ij 20z z

Lastly, the squeeze term is discretised in (180) by the means of a temporal
backward finite difference, considering a known gap field at the time t — At,
1.e., h;

dh hjj — hj;
[E]ij B At (180)
Also in this case, the time stencil vector h; and the time backward finite

difference vector operator d; are defined in (181).
h = [hl—] hi]’]T

[-1 1" - [a—h] = d{h, (181)
d=—— atl;
Then, the discretised form of the Reynolds equation is given in (182).
£x D, Py + £1D,,p, = dicuy + dew, + dfh, (182)

While the right-hand side term is known, due to HL regime, the left-hand
side term is dependent on the pressure unknown values in correspondence of
5 grid points, i.e., the current (i, j) point and the neighborhood ones along both
the directions x and z (it 1,j) and (i,j £ 1): in order to highlight that
dependency, let define in (183) the so called cross stencil [5,1] vector of a field
Yij» 1.€., y1 (referring to the Figure 64 for the cross resembling), and two
identity matrices able to collect the x-stencil vector and the z-stencil one
components from yj, respectively I, and I,; the subscript I stands for a 2D
spatial index univocally corresponding to the (i,j) grid point obtained by
scanning for each i line all the j points, i.e., along the so called lexicographical
ordering.

I=(—DM+j - y=[i-1j Vij-1 Yij Yij+1 Yis1j]T

Yi-1,j]
[Yi-1j1 [1 0 0 0 O07[Yij-1
y«=1|Yij |=(0 0 1 0 Ofl Vi |[=Iy
Yi+1jl L0 0 0 0 11|¥Yij+1
[ Yit+1,i] (183)
Yi-1,]
[Yij-11 [0 1 0 0 O0][Yij-1
y=| ¥ [=]10 0 1 0 Of| Yi |=ILw
| Yij+1] 0 0 0 1 OllYij+1
L Yi+1,
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Applying the above, the [5,5] matrix operator D, and the [5,1] vectors Dy
and D, are defined, providing a more compact form to the discretised
Reynolds equation in (184).

DZ = I)’EDZXIX + IZTDZZIZ
D, =Ild,c D, =1I1d,c

In addition the right-hand side term, also the € field is given in the HL
regime, so the [5,1] vector a; multiplying the pressure stencil vector and the
scalar quantity by are defined in (185); at the same time, it is noted that the
discretised Reynolds equation can be written for all the internal (i,j) grid
points, since it needs previous and successive information with respect to the
current location, while its discretization on the boundary grid points is easily
given by the imposition of null pressure: so the well-posed linear system
referred to the HL Reynolds equation can be assembled.

a; = D;EI bI = DEuI + DEWI + d;rht

ajp; = by 2<i<N-1 2<j<M-1

p;j=pNy=0 1=<j=<M

pilzpiMZO 2<is<N-1

Reflecting the linear nature of (173), the problem (185) is a linear system
reported in matrix form in (186) following the lexicographical order; the
associated matrix A is a penta-diagonal matrix which the structure is reported
in the Figure 73: the vector a; is composed by the first two terms Ly and L,
referring to the previous points along x and z belonging to the lower triangular
part of A, the central term Dy referring to the (i, j) point belonging to the main
diagonal of A and the last two terms U, and Uy, referring to the next points
along z and x belonging to the upper triangular part of A; let note that in
correspondence of the I grid point belonging to the domain boundaries the
vector a; reduces to a scalar equal to 1 placed in the main diagonal of A, while
the associated scalar by is equal to zero.

aj=[Ly, Lz Di Uy Ugy]T - Ap=b (186)

efD,p; = DTu; + DIw; + dTh, (184)

(185)
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Figure 73 Penta-diagonal matrix referred to the HL Reynolds linear system

The linear system in (186) can be easily inverted to find the pressure vector
p, but this does not take into account the lubricant pressure cavitation
constraint (Hamrock, Schmid and Jacobson, 2004): the eventuality of a
positive Couette flow, i.e., the surfaces sliding along a diverging channel,
and/or of a positive squeeze velocity, i.e., the surfaces moving away from each
other, leads to the lubricant depressurization that, if goes below the cavitation
pressure (generally assumed to be zero), shows an abrupt meatus film rupture
due to the formation of cavitating bubbles. So, from a numerical point of view,
the system (186) has to be solved with an iterative method that allows to
truncate the negative lubricant pressure values along the iterations: the golden
standard iterative methods to solve linear systems are the Jacobi and the
Gauss-Seidel methods (LeVeque, 2007).

Solving the internal grid point equation for the current point pressure value
pij> the Jacobi method consists in iterating the pj; exploiting its local relation
with respect to the pressure on the surrounding grid points: introducing the k
iteration index, the k + 1 Jacobi update is given in (187).

o1 br= Ly Pisaj = Ly Pljoq = Uz Pijar — U, Pl
Pij = D
I

The Gauss-Seidel method uses the same Jacobi approach, but, in order to
enhance the iteration convergence, it suggests to use the spatially previous
pressures pj_;; and pjj_; just updated according to the lexicographical
ordering (eq. (188)).

Kk+1 bI - Lxlp%(jll,j - Lzlp%fjtll - Uzlp§j+1 - lep%(+1,j
Pjj = D
I

While the Gauss-Seidel method is effective with respect to the Jacobi one

in terms of convergence rate, the Jacobi approach results in a much faster
77
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computation since it can be vectorized due to the update depending entirely
on the previous iteration: the Gauss-Seidel method cannot be vectorized
because, by its definition, it cannot be performed without a “for” cycle. A way
to reduce even more the iterations number is to apply the Successive Over
Relaxation (SOR) method reported in (189), i.e., a relaxation of the Gauss-
Seidel solution pgg that can be slowed down or accelerated by the means of a
relaxation factor w managing the amount of the update provided to the next
iteration (deceleration for 0 < w < 1 and acceleration for 1 < w < 2); an
optimal value for the relaxation factor can be determined as a function of the

grid spacing. The SOR method, as the Gauss-Seidel one, cannot be vectorized.

k+1 k+1 k k
b; — Lxlpi—l,j - Lzlpi,j—l - Uz,pi,j+1 - lepi+1,j

Pgs = D, (189)
piitt = pif + w(pes — piy)

The described methods belong to a class of iterative solvers called Fixed
Point Iteration, because the k + 1 update is a function f (Jacobi, Gauss-Seidel
or SOR) solely of the previous iteration k.

Then, the iterative approach allows to saturate the pressure to positive
values by truncating the negative ones along the iterations. If in some zones
of the domain the cavitation occurs, the Reynolds equation residual, i.e., b —
Ap, cannot happen to be zero, because the cavitation bubbles “flows” are not
taken into account in (173): therefore, the residual decaying below a chosen
tolerance tol has to be defined as a quantity related to the pressure change
between two consecutive iterations. The resulting iterative cycle is reported in
(190).

while Z|p¥+1 — p¥| > tol
1

p*=f(p¥) ~ p**' = max{0,p")
k-k+1
end
An example of lubricant pressure p field numerical solution simulated in

Matlab® environment is reported in the Figure 74, where a bilinear top surface
approaches from a height hy(t — At) to hy(t) a moving flat plane with
velocities 2U and 2W.

(190)
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Figure 74 Numerical HL Reynolds solution for a bilinear gap considering
both sliding and squeeze

If one compares the computational performance of the chosen numerical
methods (Jacobi, Gauss-Seidel, SOR) in terms of residual trend along the
iterations, the results reported in the Figure 75 will be obtained (here also the
computational time is reported in the legend); let note the verification of the
methods’ characteristics explained above: while the Gauss-Seidel and the
SOR methods show the fastest convergence, the Jacobi method (vectorized)
is the fastest in terms of computational time.

10° w w
' Jit= 152585 n=1770 i.
GS:t=21.1535s;n=993 it
10.1 L SOR:t=27907 s;n=135it. | |
= = —tal

Residual

0 500 1000 1500 2000 2500
lteration k

Figure 75 [terative methods comparison

The solution logic provided above is a tool working for a known approach
6 (that in the previous case imposed the surfaces’ distance hy) and in fact it
does not take into account the load applied to the system.

The most common way to solve the lubrication problem for a given load N
and an unknown approach & is to assemble a nested loop: it consists into
assuming the approach, solving iteratively the Reynolds equation for the
pressure field p, integrating it over the domain surface to obtain the resulting
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load and then updating the new approach by a quantity related to the load
balance equation error. Introducing the iteration index n for the approach outer
iterative cycle (the inner one is the Reynolds equation solver), the explained
logic is reported in (191), in which the 8™ update is given by a quantity
proportional to the load balance error through the relaxation factor a,
considering that if the latter is negative, it means that the too low pressure p"
provides an insufficient load, so it has to be increased by increasing the
approach (and vice versa).

while z pijAxAz — N| > tol
L
h" =g—§"
— A-1
p’=A""b (191)

§1t1 = 8" + « Z pijAxAz —

n->n+1
end
While the pressure integration in (191) is given by a simple sum for each

grid cell contribution, a more accurate surface integration can be achieved by

the 2D trapezoidal rule reported in (192).
N

+ + +
ffdedZ_zzpl 1j-1 T Pi- 14] Pij-1 pl]A Az (192)

1=2 j=

Furthermore others approach update criteria can be chosen with respect to
the free-derivative presented in (191), like the Newton one reported in (193),
where the load balance equation L is solved by the means of a numerical
Jacobian obtained with a chosen approach perturbation €, since the load
balance equation does not directly depend on the approach 6, but it is known
that the latter determines the gap h field and so it affects the resulting lubricant
pressure p.

L(8) = Z pi;(8)AxAz — N = 0
Lj

- L g1 = gn D (193)
dL L(5(1 + ) — L(5) AL sny
®) = as
a5 &8

Let now move to the case of a tribo-system with spherical geometry, as for
the THR case, in order to apply the same FDM discretization developed above.

2.1.2. Spherical tribo-system

The spherical tribo-system is modelled as the ball-in-socket joint depicted
in the Figure 76 where the ball and the socket, i.e., the THR femoral head and
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acetabular cup, are, respectively, a sphere with radius r and a hollow
hemisphere with inner radius R and thickness H; the reference frame Oxyz is
fixed to the socket and has the origin in its centre O, while the xz plane is
tangent to its edges and the y axis points towards its inside; the ball is free to
move within the socket: its centre C is located by the eccentricity vector e and
it rotates with respect to the socket with the angular velocity vector w (Fisher
and Dowson, 1991; Mattei et al., 2011).

From the Reynolds equation point of view, the 2D lubricated domain is
identified by the spherical angles 6 and ¢ locating a point P belonging to the
inner socket surface: 0 is the angle between the OP line and the z axis, while
o is the angle between the OP line projection on the xy plane and the x axis.
The spherical transformation that rotates the Oxyz reference frame, in this
order, by the angle ¢ around the z axis and by the angle 6 around the new y
axis is described by the rotation matrix (obtained with the Euler angles
approach) reported in the eq. (194) which columns are the local reference
frame unit vectors, i.e., the tangential unit vectors g and f(p and the radial unit

vector f.

cosBcos@ —sing sinBcose
R, (@)Ry(0) = |cosBsing cos@ sinOsing|=--
—sin@ 0 cos 0

(194)
=t & 7]

S

Figure 76 Spherical tribo-system sketch

According to the chosen spherical transformation, the Reynolds equation
in spherical coordinates is given in (195) coupled with the boundary
conditions.
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(_96 _eh36p d (h3 ap
S ae(“n 12uae>*‘a@<12ua@>"
d(sin®@hUq) 9(hU,)
+
a0 0}
p(0,¢,t) =p(m, o,t) =p(6,0,t) =p(6,m,t) =0
For a given couple of spherical angles (0, @) the position vector of the
point P on the socket and the point Q on the ball are evaluated in (196), while
the point C is located by the eccentricity vector.
(P-0)=Rf (C—0)=e (Q—0)=(eTf+r)f (196)
The distance between the points P and Q provides the gap h in (197) where
the radial clearance c is defined as the difference between the socket and the
ball radii: it is worth to note that the radial clearance c plays the role of the
geometrical approach, i.e., the uniform gap in case of concentric ball, while
the approach is the result of the ball eccentricity e projection along the radial
direction.

— — Ta)a
(P—Qy_@—oy—@—mn_(R—r—erﬁ (197)
h=|P-Qll=c—e'f

The surfaces’ velocities at the generic position (0, ¢) is given by the points
P and Q velocity vectors reported in (198), recalling that the socket is fixed
with respect to the reference frame.
vp=0 vog=vctwx(Q-0) (198)
Regarding the Q point velocity in (199), it is composed by a translational
contribution given by the eccentricity time derivative and by a rotational
contribution given by the angular velocity vector (Flores, Ambrosio and Claro,
2004; Tian et al., 2009, Askari et al., 2014a, 2014Db).
ve=¢é (Q-0=(Q-0)—-(C-0)=(eTt+r)f—e
vo=é+wx[(eTF+r)f —¢]
Then, recalling that the entraining motion is given by the arithmetical
average between the surfaces and considering the fixed socket, the entraining
velocities Ug and U, reported in the Reynolds eq. (195) are evaluated in (200)

(195)

.= RsinB + Rsin6—
ot

(199)

by projecting the Q point velocity vector along the respective tangential
directions.

oT
SZ] = %[;g]{é+w x [(eTf +r)f —e]} (200)
@

In the spherical case, the load on the socket is given by a 3D vector N
obtained in (201) by integrating the lubricant pressure p oriented with the
radial unit vector T over the cup surface (a 3D approach causes a 3D load).

N = ff pf R%sin 6 dode (201)
Q
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The frictional quantities can be evaluated with the shear stress vector T in
spherical coordinates in (202) acting on the socket surface and dealing with
the sliding velocity vector V.

h \ “2Ra0 "~ Mh To
S AL i I T @
2Rsin6dg a h

Then, the shear stress vector T is responsible for the viscous friction torque
vector T given in (203).

T = f f REx [to ][] R®sin0 dode (203)
Q

Finally, the set of equations governing the HL regime of a ball-in-socket
tribo-system is resumed in (204), where the main difference with respect to
the cartesian case in (172) is given by the 3D load balance equation to evaluate
the unknown eccentricity vector e.

'66 .eh?’ap +6 h® ap\
st a0 st 12u 00 dp\12ude/

d(sin® hUg) N d(hU,)
d0 do
h(8, ¢, t) = c — eT(DF(B, )

N(t) = ff p(8, @, t)F(6, @) R?sin B dBd¢
Q

..= Rsin® + Rsin®—
ot

(204)

\
The FDM numerical discretization of the spherical Reynolds equation in
(204) follows the same logic of the cartesian case, applying the due
modifications because of the variable coefficients inside the derivatives (Jin
and Dowson, 1999; Ramjee, 2008). Let define in (205) the 2D spherical grid
with the usual grid indices i and j and the angular spacings A6 and Ag. Even
if a uniform grid characterised by constant A8 and A spacings leads to finite
areas with different extension in a spherical geometry, it represents a common
use in the context of ball-in-socket or THR simulation when using the FDM
to discretise the Reynolds equation (Jin and Dowson, 1999): if a uniform areas
grid is necessary, other discretization approaches have to be used like the FEM
by choosing a particular area element shape and by assembling the weak form
of the Reynolds equation based on the chosen shape functions (Habchi, 2018).
i=12,..,N AB=—— 0, = (i—1)A0

N3t (205)

i=12,.,.M Ap = v—1 @< G—DAe
Let start with the 0 Poiseuille term in (206) which will take into account
the usual mean vector operator m., the new forward/backward finite
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difference operator dg+ applied to the 0-stencil field variable vector yg and
the auxiliary vector sg.

Vo = [Yi-1j VYij Vi+1§]T sg=[sin6;_; sin®; sin06;,4]T

I S ) L (e B 1
do- = aTa dg+ = — 5
in 0 —| si P = .. (206)
[sm 0 30 (sm 0 889)]“
_ cinp. (M¥se)(m¥eo)(dg+Po) — (mTso)(mTe,)(db-po)
- i AB

After algebraic manipulation, the [3,3] matrix operator D,g is defined in
(207).

sinegs (smo<55)], =
sin@—(sinO e~z ;7
_ mZsg)m,dl. — (mTsg)m_d}-
=€g<5m91( +50)m. dy Ae( ) >p9=€gDzepe

Much easier is the ¢ Poiseuille term in (208) accounting for the ¢-stencil
field variable vector y, and the new forward/backward finite difference

operator d + leading to the [3,3] matrix operator Dy,.
]T

(207)

Yo = Yiji-1 Yij VYij+1

[-1 1 o0]T [0 -1 1]7T
dy-=—F—— dyr=—7—
Ag . ATqJ (208)
2] g,
99 \"9¢/], @ A Po = €p2¢Po

The Couette terms in (209) account for the new central finite difference
operator dg ,c applied to the new grouped quantities u and w.
u=sin6hUy w=hU,

— T du
dgc = It 0 1 Fr dgeug
200 . ij (209)
-1 0o 1]T [("W T
dec=—"—"— - =d, cw
¢ 2A¢@ a(p i (R Y

Lastly, the squeeze term is written in (210) with the usual backward

temporal finite difference vector d; applied to the time stencil hy.
dh
—| =dfh
ail, = din (210)
Then, the discretised form of the spherical Reynolds equation is given in
(211) with the same functional form of (182).
851329139 + £$D2¢p¢ = -

211
= Rsin 6 (dgcue + d;rpcw(p + Rsin 6; d?ht) (211)
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Again, with the application of the identity matrices Ig and I, collecting the
B¢ stencil vector from the cross one and of the lexicographical index I, the
definition of the [5,5] matrix operator D, the [5,1] vectors Dg and D, and the
auxiliary D, vector makes explicit in (212) the local equation dependence on
the cross neighborhoods.

D, = IgDyelg + 15Dy, 1,
Do = Rsin6;Igdge D, = Rsin6;I7d,c Dy =R?*sin?6;d,  (212)
& D,p; = Dyu; + DY w; + D{h,

Finally, the spherical HL Reynolds equation is numerically described by
the usual linear penta-diagonal system reported in (213); then, it can be solved
with the iterative methods presented previously: it is worth to note that the
spherical geometry is always characterised by diverging channels so the
cavitation constraint cannot be avoided.

a; =DJg b; = Dgu; + Dyw; + D{h,

alp; =b; 2<i<N-1 2<j<M-1

pyj=pnj=0 1<j<M - Ap=D>b

pit=pPpim=0 2<i<N-1

As for the previous case, the solution of (213) is given by a knowing set of
eccentricities e, so, for a given load vector N the nested loop approach can be
adopted; first of all, the simple sum and the trapezoidal vector integration are
given in (214) through the definition of the auxiliary vector field P.

Pij = pl]ﬂ] R2 sin Gi

#R?sin 6 dode = { "
.!! prR sim (p Pi_1j—1 +Pi_15+Pj_1 + P
4

(213)

(214)

ABA@
ij
The free derivative outer loop update iterating on the trial eccentricity
vector e" is given in (215).

el =e'+q Z PjABA@ — N (215)
1j
Finally, the Newton method applied to 3D load balance equation L iterating
on the eccentricity vector e through the e-perturbed numerical Jacobian L, is
reported in (216).

L(e) = Z P, (€)A6A@ —N = 0
ij

a,Li Li{e;i(1+¢))— Li(e; (216)
[Lelij = E(e) = ( : ) (©)
j

Se]'
en+1 =@l — [Le(en)]—lL(en)
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When the analysed ball-in-socket tribo-system is the THR the gait hip
loads and velocities operating conditions are not the ones reported in the
Figure 62: since the eqgs. (204) refer to the acetabular cup reference frame, the
hip constraint multipliers Acy have to be projected in the pelvis body i
reference frame though the related constraint Jacobian Cgj; to obtain the joint
reactions supported by the pelvis FC]i in (217).

— T _ Feji F . _nT
Qici = —Cgjirg = TC]i] - Fgji = R{Fgy; (217)

The same thing is done in (218) for the femur angular velocity vector with
respect to the pelvis that has to be projected in the pelvis reference frame
through its rotation matrix R; to obtain ;.

w; = Giéi

In order to refer to the acetabular cup Oxyz frame, one last rotation has to
be considered: generally, the THR acetabular cup is implanted by following
the physiological inclination angle o, that in the Multi-Body system pelvis
reference frame is given by a rotation around the pelvis Anterior/Posterior axis
as shown in the Figure 77 and described by the Euler angle rotation matrix R,
in (219).

R, = Ry(—ay) (219)

Ypp

ZML

Figure 77 Acetabular cup reference frame with respect to the pelvis

Therefore, the gait hip loads N and velocities w input are reported in the
eq. (220) and in the Figure 78 with reference to the acetabular cup reference
frame, which corresponds to the lubricated ball-in-socket frame adopted for
the numerical discretization.

N =R{Fg o =Ri®y (220)
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Hip tribological inputs in cup
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Figure 78 Gait cycle hip loads and velocities in the acetabular cup frame

Unfortunately, the THR does not work in HL regime even during a simple
kinematics like the gait (Ramjee, 2008; Mattei et al., 2011): the intensity of
the hip loads does not allow a full separation of the conjugated surfaces, so
the lubrication problem governing equations have to be adapted in order to
take into account the EHL and the ML regimes. As a consequence, the
successive efforts are devoted to the development of deformation models of
the bodies composing the tribo-system, to the searching for a computational
logic able to consider the eventuality of a direct contact between the surfaces
and to the handling of the consequent numerical burden due to the arising non-
linearities.

2.2. Elasto-Hydrodynamic Lubrication and deformation

Getting started with the EHL mode, the first adaptation deals with the
consideration of the surfaces’ deformation u introduced in the gap equation as
a function of the lubricant pressure p reported in the set of egs. (221)
(Greenwood, 2020): the high loads produce enough pressure to deform the
surfaces based on their mechanical response.

r_ea _eh36p+6 h® ap)
S50\ * " 120100) T ae \ 12000 )
_[a(sin@hUg) a(hU,)
..—Rsme[ 70 + 39
h(6, @,t) = u(p) + c — eT(HF(B, )

Nt = ﬂ p(8, @, )F(6, @) R? sin B dBde
Q

ah]
4+ Rsin6—
ot (221)

Generally, the high pressure reached in the lubricant provides a further
phenomenon: the sensitivity of the lubricant rheological properties of density
p and viscosity u with respect to its pressure p (Greenwood, 2020). While the
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Reynolds assumptions refer to an iso-viscous and incompressible fluid
(Reynolds, 1886), the so-called piezo-viscous and compressible fluid case can
be easily addressed by introducing in the equation the pressure-varying
rheological properties because, since they depend solely on the pressure, they
do not exhibit variation across the lubricant meatus and this keeps the
Reynolds equation functional structure. The two main relationships describing
a compressible and piezo-viscous lubricant fluid are the Dowson-Higginson
model (Dowson and Higginson, 1966) and the Barus viscosity model (van
Leeuwen, 2009) reported in (222), which provide, respectively, a non-linear
asymptotical increasing density with the pressure and an exponential growing
viscosity with the pressure based on their nominal values py and p, and on the
constants c, y and o.

c+y
p(p) = po ctp u(p) = poe®® (222)

The Barus viscosity piezo-viscous model can provide troubles during a
numerical computation because of the exponential indefinite viscosity growth:
an easy way to address the issue, without artificially clipping the viscosity, is
the Modulus adaptation (Bair, 2022) reported in (223) that imposes an
asymptotical limit introducing a further coefficient 3.

o

u(p) = poeTHHp (223)
The implementation of the deformation, the density and the viscosity
pressure-functions in the new EHL lubrication problem system given in (224),
brings a high level of non-linearity to the Reynolds equation that now requires
different iterative methods with respect to the HL regime to be numerically
solved: a further important difference is given by the evidence that the EHL
Reynolds PDE loses its elliptical nature, gaining a parabolic behaviour
because now the pressure p unknown is hidden in both the squeeze term time
derivative and the Couette flow convective term, realising an unsteady

advection/diffusion equation.

( d h30 d (ph3ad
sinG—(sinGp p>+—<p— p>=-'-

20 12108/ ' 9@ \12pd¢@
d(sin0 phUg) d(phU d(ph
..:Rsine[ (sin 6 phUs) | G "’)+Rsine£]
) a0 E ot (224)

h(6, ¢, t) = u(p) +c — e"(OF(6, 9)

N(t) = ﬂ. p(8, @, t)F(6, @) R? sin B dBd¢
Q

\

In order to completely characterize the eqgs. (224), the deformation model
u(p) has to be developed. In this work the spring, a FEM and the Boundary
Element Method (BEM) models are adopted: all the choices refer to elastic
deformations, coherently with the EHL regime.
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2.2.1. Spring deformation model

The simplest approach is the spring model (Jalali-Vahid and Jin, 2001;
Jalali-Vahid et al., 2001a, 2001b; Jalali-Vahid, Jin and Dowson, 2003)
assuming that the deformation in a domain point is given only by the local
pressure through a constant proportionality compliance coefficient k.: the
spring approach is justified by the assumption that only the much softer
surface deforms, while the hardest is assumed to be rigid; then, this model is
feasible for Hard-on-Soft implants where the softer part is the acetabular cup
generally made of polymeric materials, and, in fact, the compliance factor k.
is given in (225) by the cup mechanical and geometrical properties, i.e., its

Young Modulus E, its Poisson ratio v, its radius R and its thickness H.
3

()
ke =577 5 e~ uP) =kep (225)
=ttt
So, the spherical EHL gap equation with the spring deformation model is
reported in (226).
h(6,¢,t) =kep(8,9,0) + c — T (DF(B, ¢) (226)
Referring to the FDM discretization presented for the spherical HL case,
the gap field can be evaluated according to the (i,j) indicial form reported in
(227).
hij = kcpij +c— eTfi]- (227)
With the aim of preserving the discretised Reynolds equation structure
presented for the HL case, a few modifications have to be made (eq. (228)):
e the quantities €, u and w are updated, while the new quantity v is
defined;
e due to the PDE parabolic new behaviour, and in particular to the
hyperbolic one of the convective terms, the central differences
applied to the Couette flows dg ,c have to be replaced with the

forward/backward differences dg+/d+ according to the sign of

the entraining velocities Ug and U, adopting the so-called

upwind scheme (LeVeque, 2007) in order to enhance numerical

stability.
ph? . _ _
—— u=sinfphUy w=phU, v=ph

= 121
dg- Ug >0
— 1 . T = e e
Dg = Rsin6;Igdg dg {de’f Ug <0
dp- Uy,>0
d, + U(p<0

®
Therefore, the FDM discretised form of the spherical EHL Reynolds

equation is given in (229).

(228)

D, = Rsin6;Igd, d, = {
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o35(s050) * 7 (c70) -
sin 70 sin 869 30 Sacp =

..=Rsin9(a +a—W+Rsmeav> (229)
a0 acp 0
£ D,p; = Dgu; + DLw; + D v,

The non-linearity of the equation in (229) is provided by the vectors €1, uj,
wi and v, which depend on the lubricant pressure through the gap and the
rheological pressure-sensitive properties: so, the discretised Reynolds
equation system, coupled with its boundary conditions in (230), is now a set
of non-linear equations.

APy
hy =kepr+c—e'fy p;=pg CC-:_Y;I Wy = poel*PPi
& D,p; = Dgu; + DYw; + D{v; 2<ijsSNM-1 (230)
Py =pNj=0 1<j<M
pi1 = pim =0 2<i<N-1

The non-linear eqs. (230) residual vector F is defined in (231): let note that
due to the local pressure-sensitive rheological models and, above all, to the
spring local proportional model, the residual in a grid point I depends on the
pressure cross stencil vector p;.

g D,p; — Dgu; —Dpw; —D{v; 2<ij<NM-1

Fi(p1) = { pyj, P 1<j=<M (231)
Pi1, Pim 2<i<N-1

F(p) =0

The dependency on the cross stencil suggests the usage of the Newton
iterative method to solve the non-linear system, since the system Jacobian will
be a penta-diagonal matrix with the same structure presented in the Figure 66,
so with a sparsity that makes its inversion fast. The three fundamental pressure
derivatives (gap, density and viscosity) are given in (232) by the compliance
coefficient and by the chosen rheological analytical models.

—_ o
Mok Pope Yol Moy e (232)
apr ap; (c+pp)? ap; L+ BpD?

The derivatives in (232) are all the needing to evaluate the derivatives of
the other quantities involved into the Reynolds equation, which are reported
in their local form in (233).

a81 apl hI pIhI ahl pih{ oy

apl 6p112u1 4111 apl 12}1123_131

o _ g BaphU +sind; ahlU
— =sin sin

opr apl Mot T Pr ap; @'

BVI _ apI ahl

aps apr ' Pap;
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Then, the derivative of the local residual F; with respect to the pressure
stencil vector pj is given in (234): it is a [1,5] row vector in which the vector
derivatives, thanks to the local deformation model, are nothing that [5,5]
diagonal matrices (except for the squeeze term derivative which is given by a
[2,5] matrix); the local residual derivative in correspondence of the Dirichlet
boundary conditions is equal to one, so the whole Jacobian F,, has the same

sparse structure of the matrix A in the HL case.

681
e D, + p{DJ r +
oF; ou oW oy, 2 SHIsSNM—1
_( ): T 1 T I T t
P P ...—Dea—— (pa——Dta—
P1 P1 P1 P1 (234)
. 1<j<M
2<i<N-1

OF
F,(p) = ap (p)

Finally, the obtained Jacobian F, of the discretised EHL Reynolds equation
set can be used to iterate the lubricant pressure vector p according to the
Newton cycle reported in (235) relaxed by the coefficient w; as for the HL
case, along the iterations the negative pressure have to be truncated in order
to impose the cavitation constraint.

while Z|p}‘+1 — p¥| > tol
T

p* = pk _ w[Fp(pk)]_lF(pk) N pk+1 = max{0, p*}
k->k+1

end
The developed strategy with the spring deformation model will be adapted

to the THR ML regime in the successive section and its results will be
provided.

(235)

2.2.2. Finite Element deformation model

The main limitation of the spring deformation model is that the application
is limited to Hard-on-Soft THRs: in order to consider implant materials with
comparable mechanical responses, a ball-in-socket elastic deformation FEM
model developed in Matlab® environment is presented.

The aim is to discretise the bulk of the ball and of the socket into a several
deformable finite elements (Felippa, 2004): in this work the linear tetrahedral
finite element is chosen. With reference to the Figure 79, a tetrahedron is a
solid composed by 4 triangular faces obtained by the connections between its
4 nodes I, ], K and H; with respect to the Oxyz reference frame, the nodes
displacements are identified by the vectors uy, uy, ug and uy, resulting in a
12 DoF structure, while the tetrahedron internal point displacement vector u
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depends on the point 3D position X; the linear tetrahedron element associates
a linear space function to the displacement field u dependent by the unknown
12 coefficients ay y, ;, by y 5, Cxy,z and dy y, , reported in (236).
u(x,z,y) = ay + byx + ¢,y + dyz
u(x) ={v(xzy) =ay, +byx+cyy+dyz (236)
w(x,z,y) =a, +b,x+c,y+d,z

Z

Figure 79 Linear tetrahedron finite element sketch

Let write the (236) in matrix form in (237) by introducing the [3,4]
coefficient matrix A and the linear space function [4,1] vector .

u(X; zZ, Y) ay by ¢ dy 1
V(X, Z, Y) = ay by Cy dy i(/ - U(X) = A‘P (X) (237)
w(x,2,y) a; b, ¢, dz][;

In order to characterize the displacement field coefficients in A, it can be
related in (238) to the nodal displacements by knowing their 3D nodes
coordinates X, X}, Xg and Xy.

u(xp) = A@(xp) = u;

u(x)) = Ap(x) =y

u(xg) = A@(xg) = ug

u(xy) = A@(xy) = uy

The matrix form of (238) obtained defining the [4,4] nodal coordinates
matrix @ and collecting the nodal displacements in the [3,4] matrix U, allows
to evaluate the coefficients in A by inverting the matrix ® dependent on the
nodal coordinates.

A[(p(xl) (p(X]) (p(XK) (p(XH)] = [ul u] Ug uH] (239)
AP=U - A=Uo!
Then, the displacement field can be written as the product between the [3,4]

nodal displacement matrix U and the so-called shape function [4,1] vector n
defined in (240).
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u(x) = U(@ 1e(x)) = Un(x) (240)

The (240) is rearranged in (241) in order to get a linear relation between

the [3,1] displacement field vector u and the [12,1] nodal displacement vector
q through the shape function [3,12] matrix N.

0y
n
u() =Un(x) =W Y Uk Un]f )
n
u H (241)

u
u(x) = [HII nII nKI nHI] ull( = N(X)q

Uy
According to the small displacement assumption, the deformation tensor €
is given by the displacement gradients reported in (242).
1/0u ou”
€= 2 <6x * 0x > (242)
Let report the displacement field in its first form in (240) to obtain its
gradient, evaluating the gradient of the space function vector ¢ in (243).
ux) =Ue ')

00 0
M _ p12® 09 _11 0 0 (243)
ox ox ox (0 1 0

0 0 1
The product between the nodal coordinates matrix @ inverse and the space

function ¢ gradient is nothing that the last 3 columns of the former matrix
that, for the ease of reading, is indicated with D; then, making explicit the
entries of the displacement field u gradient, of the nodal displacement matrix
U and of the last just described product, the (243) is turned into (244).

ug Di; Diz Dyy

] [ ] Dzz Dzz Do

wW. WwW. W. D32 D33 D34-

x Ty T Diz Dis D
The matrix relation (224) allows to highlight the linear dependence
between the 6 independent deformations, i.e., the 3 normal strains &, €y, €,
and the 3 shear strains yyy, Yyz, Yxz> and the nodal displacement vector through

the [6,12] deformablhty matrix in (245).

uy + Vi (245)
vz + wy
u; + wy
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T
A4
Wi
Diz 0 0Dy 0 0 D3 0 0Dy 0 07y
0 D;j3 0 0 Dy 0 0 Dy3 O 0 Dy 0|V
0 0 Disa 0 0 D2s 0 0 D34 0 0 Dasl|lW
Di3D;5 0 D23D,, 0 D33D3, 0 DysDy, 0 ||ux
0 Dy4Dy3 0 DyyDy3 0 D3yDszz 0 Dyy Dysff vk

D14 0 D12 D24. 0 DZZ D34 0 D32 D44 0 D42 Wk
Uy

VH
LWy
The (245) is written in matrix form in (246), indicating the deformability
matrix with B.
€ =Bq (246)
The linear constitutive relation for isotropic elastic materials between the
stress vector ¢ (the 3 normal stresses oy, 0y, 0, and the 3 shear stresses Tyy,
Tyz, Txz) and the strain vector € is given by the symmetric [6,6] elasticity
matrix C reported in (247) dependent on the Lamé constants A and p (functions
of the material Young modulus E and Poisson ratio v) (Felippa, 2004); let note
that due to the linear relation between the strain € and the nodal displacement
q vectors, also the stress vector @ is a linear combination of q.

A vE E
“a+vi-2v) "T20+v
Ox 2u+A A A 0 0 07y &x
oy A 2u4+A A 0 o0 ol
oz|_| 2 A 2p+A 0 0 Of|l & (247)
Txy 0 0 0 A 0 0] Yxy
Tyz 0 0 0 0 A 01|Yyz
Txz 0 0 0 0 0 A LYxz
o = Ce = CBq

With reference to the Figure 80, the tetrahedron element energetic
equilibrium for a set of virtual displacements is given in (248), i.e., the weak
form of the dynamical equilibrium neglecting inertial effects (Felippa, 2004);
it takes into account:

e the internal elastic energy within the tetrahedron volume ) due
the stress ¢ and to the virtual strain 8¢;

e the work done by the nodal forces f producing a virtual nodal
displacement vector 8q;

e the work done by an external pressure p acting on an exposed
tetrahedron face €1y, if any, with outward normal it producing an

internal virtual displacement Su.
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fO'T(SS dv = fTsq — fpﬁTSu dA (248)
) a,

Figure 80 Linear tetrahedron finite element dynamical configuration

Substituting in (248) the stresses/nodal displacements linear relation and
the variational form of the strains/nodal displacements linear relation, the
tetrahedron symmetric [12,12] stiffness matrix K is obtained in (249): let note
that both the deformability B and elasticity C matrix do not exhibit variation
within the linear tetrahedron volume (the same for the nodal displacements),
so they can be taken out from the integral leaving only the tetrahedron volume
which can be calculated by exploiting the determinant of the nodal coordinates
matrix ®.

1
o =CBq 6&&=Bdq de=g||‘D||
Q

J 6T6edV = qT ( f BTCB dV) 8q = q"Kéq (249)
Q Q

1
K= BTCBglld)II

Moving to the pressure energetic contribution, it is assumed that the
pressure acting on the exposed tetrahedron face (the one delimited by the
nodes ], K and H in the Figure 73) is homogeneous and equal to the
arithmetical average of the respective nodal pressures py, px and py, which
are collected into the pressure face vector ps to which is applied the mean
vector operator m in (250).
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pe=[P) Px Pu]"

1 1 1] - p= 3
m=————

+pk +
Py T Pk pH:mTpf (250)

The exposed outward surface normal is evaluated by firstly calculating in
(251) a normal vector ny, given by the face nodal coordinates X}, Xk and Xy.

np = (X] - XK) X (X] — XH) (251)
Then, defining the face centre coordinates X, the outward normal fi is
obtained in (252).
X7 + Xk + XH . . n
Xc = % - n= 51gn[(xc - XI)Tnp]_p (252)
[l |

So, the pressure and the normal unit vector can be taken out from the
integral, leaving in (253) the virtual displacement 8u inside it, which can be
related to the virtual nodal displacements 8q through the shape function
matrix N.

du = N(x)8q
— f pATsudA = —(mTpg)AT f N(x) dA |8q (253)

Qp Qp

The surface integral in (253) can be evaluated by recalling that the shape
function matrix N comes from the shape function vector n in (240): so, the
latter integral is evaluated in (254), where the surface integral of the space
function ¢ is given by the face centre nodal coordinates X and the face area
related to the norm of the normal vector ny,.

1
nG) = @G [ da =],
Qp

-1 1
f nx)dA =@ (p(xc)z ||np||
Q‘p
Therefore, indicating with the [4,1] vector h the surface integral result of
the shape function vector n in (254), the integral of the shape function matrix
N is given in (255) denoting it as the [3,12] matrix H, obtained with the h
vector components.

(254)

hy
1 h
— — - N |
h= fn(x) dA=o 1(p(xC)Ean” = hy
Qp hy (255)
H= fN(X) dA=[h] h hgl hyl]

Qp
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Finally, the pressure energetic contribution is reported in (256) with the
definition of the nodal pressure force vector f;,, which is a linear combination
of the nodal pressure vector pr through the defined matrix J,.

— | pfiTéudA = [-(mTps)nTH|5q = f18q
)| [~(m"p)R"Hlsq = 056

p
fp = (_HTﬁmT)pf = ]ppf

The above internal elastic and pressure energetic contributions are
determined for a single tetrahedron, but the energetic equilibrium (248) has to
refer to the global structure discretised in a finite number ng of tetrahedral
elements. The structure is identified by its nodes: let refer for example to the
coordinates of the i node belonging to the socket xg; or the ball xy; bodies
calculated with the spherical coordinates p,0 and ¢ in (257) accounting for
the socket inner radius R and thickness H and for the ball radius r.

pi sin 6; cos @; 0<8<m
Xgi = [pisineisin(pi 0<¢p=m
pj cos B; R<p<R+H
p; sin 6; cos ; 0<8<m (257)
Xpi = [pi sin 0; sin ; 0<¢p<2m
p; cos 6; 0<p<r

Once the structure nodal coordinates are identified, a regular tetrahedral
mesh (Jacobson, 2024) can be performed assigning to each resulting j element
the i indices of its I, J, K and H nodes: so, the (248) energetic equilibrium
provides the structure dynamical equilibrium in (258) accounting for the j
element stiffness matrix Kj, nodal displacements q;, nodal forces f; and nodal
pressure forces f;.

ng
szqj —fj—f; =0 (258)
=1

The structure dynamical equilibrium is given in matrix form in (259)
following the order coming from the concatenation of all the structure nodes
given by their positions in (257).

K.IIj K:I]j Kin KI:Hj _u:Ij _ f:lj fr;IJ'

= K}Ii K}n KEKJ' KEHJ “ili f:n' fp:m'

; .K;H...K;qj...Kl;Kj. KI:(H]_ M - fl;j - fpi“" (259)
K:HIJ' K:HIJ' KI;IK]' KP:IHJ' “:Hi f%n‘ fp:HJ'

=0 > Kq¥f+fr;
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The unknowns in the obtained linear system in (259) are not the entire set
of nodal displacements q: generally, in a FEM discretised structure some
nodes are characterised by imposed displacements, while some nodes are
subjected to known nodal forces; moreover, the nodal forces that constrain the
element to be connected are not known. So, the (259) system is rearranged in
(260) by ordering the nodal displacement vector q as composed by the free
unknown displacements q¢ to which the free nodal forces fr are associated and
then by the known constrained displacements q. to which the constrained
nodal forces f; are associated.

K Ke]1aey _ [fe] , [for
Ker ch] qc] B fc] * [fpc] (260)

From the (260) the free displacements q¢ and the constraint forces f. can
be evaluated, but in this work EHL context only the free displacements are
needed; the constrained displacements and pressure loaded nodes are different
for the ball and the socket structures:

e the socket fixed nodes are the ones belonging to its external
surface (q. = 0), while the pressure-loaded nodes are the ones
belonging to the inner surface and there are no other imposed
nodal forces (so f;y = 0);

e the ball fixed nodes are the ones belonging to its inferior part
below a given y height (q. = 0), while the pressure-loaded nodes
are the ones belonging to the external surface and there are no
other imposed nodal forces (so fr = 0).

The two structures meshes are reported in the Figure 81 together with the
red/green/blue xyz reference frame, where the pressure-loaded nodes are
identified by little red radial arrows, while the fixed nodes are identified by
black triangles markers.

Socket mesh Ball mesh

Figure 81 Ball and socket FEM meshes
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So, the free displacement vector q¢ can be calculated for both the structures
with the same formula reported in (261) by considering that the only nodal
force source is given by the pressure-dependent ones f,¢.

qr = Kir for (261)

Referring to the nodal coordinates in (257), the nodes in correspondence
of the inner socket surface, i.e., at p; = R, are the same of the 2D spherical
grid defined for the FDM Reynolds equation discretization, so, knowing from
(256) that the elemental pressure forces are linearly related to the nodal
pressure acting on a tetrahedron face, there will be a linear relation between
fpr and the pressure vector p referred to the lexicographical order through the
matrix J, (eq. (262)); the same can be done for the ball body defining a
pressure vector referred to a 2D grid attached to its external surface, i.e., at
pPi =T.

fpf =Jpp (262)

Furthermore, the Reynolds equation deformation vector u, always referred
to the spherical grid, can be evaluated as a linear combination of the free
displacements qy through the matrix J,, in (263), since the deformation u; on
a 2D spherical grid point (i, j) associated with the lexicographical index I can
be obtained by the projection of the related structure node i displacement q;
along the radial direction identified by the radial unit vector f in
correspondence of that position; again, the same can be done for the ball body
by defining a radial deformation vector referred to its 2D external surface grid.

u=fq - u=Jq (263)

Therefore, applying the (262) and the (263) to the (261), a linear relation
between the deformation vectors and the lubricant pressure vectors is obtained
through the definition of a dense compliance matrix C in (264): this is valid
for both the inner socket surface grid and the external ball surface grid
(subscripts s for the socket and b for the ball).

u=J,qr = (]qu_fllp)p =Cp (264)
us = Csps  up = Cypp

The deformation u considered in the gap equation of the EHL problem
system is actually the total deformation given by both the socket and the ball
radial displacements, but generally the socket inner surface grid and the ball
external one could be different, so, at this level, the deformations ug and uy,
cannot be added together: in order to do that, in this work a cubic interpolation
approach to move between the two grids is defined.

With reference to the Figure 82, let say that the f variable field defined in
the starting 2D grid O¢ has to be interpolated on the arrival grid: the value of
f in the point %" can be evaluated by a cubic interpolation characterised by
the unknown [12,1] coefficients vector a and by the cubic function vector ¢ in
(265).

c(6,9) =[1 6 6% 6% @ @* @ B9 0%¢ 09* 8% 0¢°]" (265)
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f(6, ) = a’c(6, )

P

[N
L B it “ _____
q-]]—z - "-"“"“"-"“-:—-"“"“" .

5
.
R __________+_____‘_____“______:._____

Figure 82 Grid points for cubic interpolation

The coefficients vector a in (265) can be evaluated by imposing that the
cubic interpolation has to return the analysed point 8*¢™* surroundings values,
ie., fi_1j-1, fi—1, fjj—1 and fjj, and also their derivatives along the 2 directions
obtained with central finite differences considering the analytic derivatives of
the cubic function vector ¢, i.e., €g and €,: the obtained system of equations
provides a linear relationship in (266) between the coefficients vector a and
the f* vector containing the 12 values of the field f in correspondence of the
surrounding points highlighted in the Figure 75 through the cubic interpolation
[12,12] matrix @ and a [12,12] matrix D that extracts the field values and its
derivatives.

co(8,0)=1[0120302000 ¢ 20¢p ¢* 30%¢ @37

ccp(e; @) =[000012¢p 3(_p2 0 62 200 93 39([)2]T (266)
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cT(0i_y, (Pj_l)a =fi1j-1
cT(ei—b (Pj)a = fi—1,j
cT(65,¢j-1)a = fij4
CT(ei; (Pj)a = fjj

fiig—fi_gs
) _ -1 i-2,j-1
3 (851, 9j_1)a="——"—

200
cg (ei—l; (Pj)a = %
Jesog o=t
c5 (81, ¢j)a = f‘“%ef‘_”
cp(Bi-1,¢-1)a = %
co(0i-1,0j)a = fi‘l'j“z;;i-l,i—l
o (81 @j—1)a = %
LC<TP(91' @j)a= %

Then, the linear system in (266) can be inverted to evaluate the coefficients
vector a needed to evaluate the searched f value in the arrival grid point 6*¢*
as a linear combination of the vector f* through the [12,1] vector J*: the latter
relation can be exploited to define in (267) a cubic interpolation matrix Jje
that interpolates the f field defined on the ball grid f}, into the socket grid to
obtain the associated f and vice versa.

£(6, ¢*) = ¢(8*, ")"a = (c(8*, ") '@~ D)f* = J*Tf*
fs = Josfo  fo = Jspfs

Finally, recalling the compliance matrices in (264) referred to the socket
and the ball FEM structures and underlining that the socket inner surface 2D
grid actually is the Reynolds equation FDM grid, the total deformation vector
u is linked to the lubricant pressure vector p through the final compliance
matrix C in (268), obtaining a deformation model based on accurate FEM
discretization of the THR bulks that is feasible also for comparable materials
composing the implant: it is worth to note that, due the dense compliance
matrix C, the deformation on a grid point I, uj, is given by the effects of the
pressure pj on all the grid points ], losing the local properties related to the
spring deformation model.

(267)
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us = C;p

up = Copy u = (Cs +JusColsp)P = Cp

P =ps - oy = Z Cyp) (268)
Pb = JsbPs ]

u = Ug + Jpsuy,
Therefore, the discretised gap equation with the developed FEM
deformation model is given in (269).

hy = Z Cypy+c—e'fy (269)
]

Due to the global dependence of the gap on the whole lubricant pressure
vector p, the discretised Reynolds equation local residual F; reported in (270)
also depends on all the pressure grid values, losing the cross-stencil
dependency and, as a consequence, the penta-diagonal matrix structure of its
Jacobian.

g D,p; — Dgu; —Dpw; —D{v;, 2<ij<NM-1

Fi(p) = { p1j, Pn;j I=j=M (270)
Pi1, Pim 2<i<N-1

F(p) =0

The above means that the Newton iterative method is no more convenient,
because a dense Jacobian has to assembled and inverted at each iteration; in
order to overcome the issue another Fixed Point Iteration strategy is adopted:
the non-linear system in (270) has the same structure of the HL case, but the
vector a; and the right-hand side term by, defined previously, are now
dependent on the lubricant pressure vector p through the FEM deformation
model, so the Reynolds equation residual can be written in (271) with the same
structure of the HL case but characterised by pressure-dependent penta-
diagonal matrix A and right-hand-side vector b.

a;(p) = DI&((p) by(p) = Diu(p) + Dowi(p) + DI vi(p)
af(p)p; —bi(p) 2<ijsNM-1

Fi(p) = { p1j, Pnj 1<j<M (271)
Pi1, Pim 2<is<N-1

F(p) =A(p)p —b(p) =0

The residual in (271) point of view allows to keep the sparse diagonally-
banded matrix A easy assembling and inversion, so the iteration update logic
is reported in (272) within the loop together with the cavitation constraint
pressure truncation; let note that the presented strategy is a free-derivative
solution.
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while Z|p}‘+1 — p¥| > tol
T

p =P+ ([A(PY)] b(p¥) - p¥) (272)
p**! = max{0, p*}

k-k+1
end

2.2.3. Boundary Element deformation model

Let introduce the last deformation model studied in this work, i.e., the BEM
one which is addressed referring to the case of a rectangular domain described
by the xz cartesian coordinates.

The fundamental assumption is represented by the tribo-system bodies
extension, in particular they have to be physically described as elastic half-
spaces, meaning that they can be considered as semi-infinite bodies with
respect to the conjugated interface which is, subsequently, far enough from
the bodies’ boundaries.

The structural problem represented by an elastic half-space subjected to
concentrated loads was addressed by Boussinesq (Johnson, 1987; Li and
Berger, 2001; Popov, Hefl and Willert, 2019), who solved analytically the
solid mechanics equilibrium equations under the given assumptions. Among
the solutions he found, Boussinesq provided the surface normal deformation
field u of a 3D elastic half-space with Young modulus E and Poisson ratio v
extending in the xz plane and in the y depth direction due to a concentrated
normal load W,, acting on the surface point (xq,zg) (eq. (273)).

u(x,z) -V Wo 273
T TE = x0)? + (2 29)? @7

The Boussinesq solution (273) is characterised by a singularity in the load
point of application and then the deformation vanishes far from it.

If one surface dimension, e.g., the z one, is much bigger than the other,
then the resulting 2D half-space deformation develops mostly in the x
direction, so, neglecting the far edges effects, it can be considered to be equal
at each z according to the eq. (274), in which this time the load W, is per unit
length and the coordinate dy is considered as the distance from the load
application point in correspondence of zero deformation.

1—v? X — X
nE do

If the same load acts on two conjugated surfaces (lower E;, v; and upper
E,, vy) communicating over the shared interface, the total normal deformation
u can be evaluated in (275), reported for both the 3D and 2D half-spaces
(which the tribo-systems are denoted respectively with point-contact and line-

u(x) = -2

Wy In

(274)
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contact), as the sum of the individual ones leading to the definition of the
equivalent Young modulus E*.
1 1-v¥ 1-v3

E* E, E,
W,
u(x,z) = — 2 (275)
TE" /(x — %0)2 + (z — 2)?
(x) = 2 Wol X — Xp
u®) = ——=Wpln i

In both cases a K function depending on the distance between the analysed
position and the load point of application can be defined in (276): it represents
the deformation due to an unitary load managing the deformation amount
based on the distance with respect to the load position.

2
K(x) = — In|—| - u®x) =K(x-—xe)W,
nE* |d
TP (276)
K(x,z) = @ﬁ - u(xz) = KE—xq,z—2z¢)W,

Since a linear relation between the deformation and the load holds, the case
of more than one acting loads can be accomplished with the superposition,
e.g., the 3D half-space subjected to two loads W, and W; acting respectively
on the points (X, zg) and (X4, z;) returns the deformation given in (277).

u(x,z) = K(x —x¢,z — 2o )Wy + KX — x4,z — 2;)W; (277)

The superposition is generalised to the case of N loads W; applied in the

points (x;, z;) in the eq. (278).
N-1

u(x,z) = Z K(x — x;,z — z;)W; (278)
i=0

Thanks to the superposition principle, the case of a distributed load can be
addressed in the eq. (279): if the load is considered to be generated by a
pressure field p(x,z) acting on the surface elements with area dxdz, the

Boussinesq solution can be extended to a continuous loading configuration.
+00 +00

awn) = [ K=z -mpGm den (279)
Of course, the integral can be restricted to the analysed interface domain
(both in 2 and in 3 dimensions), turning the half-space deformation problem
into a continuous convolution integral where the input pressure field p is
convoluted by the means of the so-called Kernel function K to obtain the
output deformation field u (eq. (280)).

mm=fK@—ama& (280)

Q
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u(xz) = f f K(x— &z — n)p(& 1) dgdn
Q

Due to the half space assumption, the numerical evaluation of the
convolution integrals in (280) can be obtained by the BEM: since only the
surface deformation due to the surface pressure has to be evaluated, only the
interface has to be discretised (Figure 83), i.e., the boundaries of the contacting
bulks, contrarily to the FEM alternative which requires to mesh the bodies’
volume entirely with a grave computational burden as a consequence.

¥

Figure 83 Half-space BEM discretization

Proceeding with the elastic half-space deformation problem simulated
through the BEM, only the 2D tribo-system formulation will be provided,
while the point-contact case will be obtained by generalization of the line-
contact one.

Firstly, the line domain x of length L is discretised by the means of the grid
reported in (281) composed by N nodes realising N — 1 equal line elements
with length Ax.

i=0,..,N—1 Ax=ﬁ X; = iAx (281)

With reference to the Figure 84, the pressure acting on the i grid point, i.e.,
pi = p(X;), is considered to be homogeneously distributed over the Ax long
line element centred in the node: hence, the deformation u; in correspondence
of the i grid point is given in (282) through the Boussinesq convolution
summing the effects of the pressure acting on all the boundary elements
centred in the grid points j (Love, 1929; Wang et al., 2003; Pohrt and Li,
2014).

105



Chapter 2

N-1 Xj+Ax/2
w=y | [ xe-9a)y (282)
j=0 \ xj-Ax/2
Pj
ul
Ax Ax J\ Ax
o o o o X
Xo Xy X3 X Xj—1 0 X Xjg XN-z  XN-1
Ax

Figure 84 BEM grid configuration

Recalling the 1D Kernel in (276), the integral term result in (282) is a
quantity depending on the x; and the x; position and it is analytically evaluated
in (283): it represents the influence coefficient Ky, i.e., the deformation at the
point x; generated by an unitary pressure acting on x;.

Ax Ax
, (Xi—xj+7>(ln xi—xj+7—1>+---
Kij = - mE*|.— (x- — X; —E)(ln Xj — X; _§| - 1) +
i X T i TX T
—Ax(In|dy| + 1)

Then, the discrete form of the continuous convolution in (280) is given by
the matrix-vector multiplication reported in (284), where the deformation
vector u is obtained by the product between the compliance matrix K and the
pressure vector p: the discretised half-space deformation problem provides

the same result of the FEM approach, where the deformation evaluation deals
with the application of a dense compliance matrix to an input pressure vector.

(283)

N-1
j=0

Even if the BEM problem is much smaller than the FEM one due to the
possibility to discretize only the interface domain, it could require a high grid
resolution based on the tribological application, so the matrix-vector product
could be computationally heavy (which in this case requires a computing
complexity of order 0(N?2)) and this is even more true for the FEM approach
dealing with the compliance matrix C reported in (268).

The first advantage of the BEM approach with respect to the FEM one
stays in the assembling of the compliance matrix K: it can be easily obtained
realising that the analytical form of the entry Kj; in (283) does not depend on
the individual positions x; and x;, but it actually depends on their distance,
revealing that K is a Toeplitz matrix, i.e., its diagonals are composed by equal
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values; therefore, the Kj; matrix can be obtained by the definition of its first
row or column vector only (indicated with K;). The example for N = 4
reported in the eq. (285) demonstrates that the Toeplitz structure of the
compliance matrix is also symmetric, reflecting the influence coefficients
dependency on the distance between the deformation and the pressure points,
so its entries Kj; are given by a rearrangement of the vector Kj, in particular

(285)

P1
uz K, K; Ko Ki||P2
Uz K; K, K; Kg]tP3

The deformation calculation in (285) can be accelerated by crossing the
properties of the found discrete convolution with the Fourier Transform.

Let recall in (286) the Discrete Fourier Transform (DFT) Uy of a N-points
discrete periodic signal u; and the associated Inverse DFT (IDFT): it is a tool
able to analyse the signal frequency spectrum, i.e., it’s useful to catch the
harmonics (frequency and amplitude) that dominate its behaviour (Cooley,
Lewis and Welch, 1969).

N-1 2n
Uk=DFﬂw)=22we N
j=0

U Ko Ki K; Ksl lpo

- (286)

1 ik

u = IDFT(Uk) = Nz Uge N
k=0

The summations in (286) also require a computing complexity of order
0(N?), but the DFT symmetry property due to the periodicity of the signal u;
and of its spectrum Uy can be exploited to accelerate the computation: a
technique aiming to accelerate the computation of the DFT is known as Fast
Fourier Transform (FFT).

The FFT technique due to Cooley-Tukey (Cooley and Tukey, 1965)
recognises a recursive pattern along which the two halves of the signal
spectrum, i.e., Uy and Uy, /2, can be assembled by applying the DFT to the
signal u; even components u,, and the odd ones uzn44, i.e., with the even
spectrum Ey and the odd one Oy defined in (287).

N/2-1 oon
E, = Z:%ﬁ N/2" = DFT(uyy) (287)

n=0
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N/2-1
k2T
O = z Uznii€ N2 = DFT(uzn41)
n=0
L
Uy ]_ Ex + e "N Oy
U - L
k+N/2 Ek e 1kN Ok

The recursion stays in the possibility to apply the same composition during
the evaluation of the split spectra Ey and Oy which can be halved again until
the signal to elaborate is composed by only one value (N = 1) for which the
first component of the spectrum Uj; is initialized (eq. (288)).

E. + e~ KA _
kte Oy Ex = FFT(uyy,)

Uy = FFT(ui) AL Ok = FFT(uzpn+1)
k

0 . 2T,
U, = Z ye T =y,
=0
The Cooley-Tukey FFT approach effectively reduces the computing
complexity order from O(N?) to O(NlogN).
The Inverse FFT (IFFT) can be evaluated by applying the same Cooley-
Tukey logic or by noting in (289) that the signal conjugate u; of (286) deals

with the direct transform of the spectrum conjugate Uy.

Z Ue™ ~I = —FFT(Uk)

(288)

(289)
1—
w = IFFT(Uy) = - FFT(Uy)

The FFT gain in computational speed can be exploited in the context of the
discrete convolutions: a continuous convolution problem in (290) convoluting
the input function f(t) through the Kernel h(t) to obtain the output function
g(t), after discretization over a N points grid, provides the discretised output
vector g, through the product between a generic Toeplitz matrix h,_,, and
the input discretised vector f},.

N-—
50 = [hE-midn > gy = Y hymfn (290)
Q =0

Applying the DFT to the vector form of the kernel h,,_,, and to the input
function f,;,, obtaining respectively their spectra Hy and Fy, their piecewise

product i 1s given in (291).
-1

z hy,_me ik () F, = Z fe” ~ikrm (291)

n-m=0
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N-1+m ,N-1

—ikz—nn

Hka: z hn—mfm e N
=0

n=m m
Let recognise in (292) that the term in the brackets is actually the

discretised convolution g,,.
N-1+m

—ikZ
HyFy = Z g e KN (292)
n=m

The piecewise product between the Kernel and the input function spectra
in (292) is not the DFT of the output function, because the summation n index
is shifted by m, but it could be if the kernel h,,_,, was periodic: in that case
the summation index can be shifted by —m, welcoming the good news that
the matrix-vector product in the signal domain (290) is, in the spectral domain,
the piecewise product between vectors reported in (293).

N —ikz—nn
HyFy = Z gne N =Gy (293)
n=0

The above property represents a further computational gain accelerating
the discretised convolution evaluation reported in matrix form in (294) where
h is the vector form of the periodic Kernel hy,_,.

N-1
g, = z hp_mfm = g = IFFT(FFT(h) o FFT(f)) (294)
m=0

Let analyse the structure of the periodic kernel matrix h,,,,, considering that
its periodicity can be obtained by circulating its vector form h,, through the N-
modulo operation, i.e., the remainder of the rounded down quotient obtained
by the division of the input number by N: as reported in (295) for N = 4, the
periodic kernel matrix h,,, turns out to be a circulant Toeplitz matrix, i.e.,
each row is obtained by shifting one place to the right the previous one, so the
associate discrete convolution is said to be circular.

(XN =x— l%] N

hO hO h3 hz hl
h _ hl N h _h _ hl hO h3 h2 (295)
" hy nm = n=miv ~ h, hy; hy hs

h; hy h, h; hy

Unfortunately, as reported in (285), despite the Boussinesq Kernel matrix
Kji_j has a symmetric Toeplitz structure, it is not circulant, so its associated
discrete convolution cannot exploit the Fourier transform to accelerate the
deformation computation: a technique to obtain an equivalent deformation
result by turning the discrete Boussinesq convolution into a circular one is
given by doubling the line domain extension, extending the kernel and zero-
padding the pressure outside the original domain following the logic reported
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in the eq. (296) (Ju and Farris, 1996; Liu, Wang and Liu, 2000; Liu and Wang,
2002).
u_,; [Ko Ki Ky K3 0 Ky K Kypg-
wy| K1 Ko Ki Kz Ks 0 Ks Kl
Ug K, Ki Ko Ki K K3 0 Ksj|po
Up | _ K3 K, K; Ko Ki Kz Kz 0ffps (296)
up 0 K; K, K; Ky K; K, K;||P2
Uz K; 0 K; K; K; Kg K; K;|{P3
Us K, K3 0 K; K, K; K, K;||0
Us4 |K, K, K3 0 K; K, K; Kglt0-
The extended Boussinesq periodic Kernel matrix in (296) is now a
symmetric circulant Toeplitz matrix, then the associated circular discrete
convolution can exploit the presented spectral domain advantages. Resuming,
in order to address the so-called Circular Convolution — Fast Fourier
Transform (CC-FFT) tool to solve the half-space deformation problem by the
BEM, its steps involving the extended Kernel vector K. (obtained by the
rearrangement of the original Boussinesq Kernel matrix first column K;
reported in (285)), the extended zero-padded pressure vector p. and the
extended deformation vector u, are reported in (297); let note that only the
central part of u, is needed to evaluate the output deformation vector u in
(284) referred to the analysed line domain.

0 -
| KO | [E]
: 0
[ Kn-1] :
Ke = 0 Pe = ||Pi
[Kn-1] :
: 0
O L (297)
[ Uu_q ]
u, = IFFT(FFT(K,) o FFT(p.)) = di]
u:N
_[u3N/2—1]_

The same logic is adopted for 3D elastic half-spaces accounting for 2D
FFT. The 2D rectangular grid with sides Ly and L, is reported in the eq. (298)
defining the 2 spatial indices i and j providing uniform spacings Ax and Az.
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Ly

i=0,..,N—1 =377 x=iAx

N _
j=0,...M—-1 L z; = jAz
J Az = y _Z - j =)

The 2D convolution in (280) is discretised with the BEM assuming that the
pressure acting on the (i, j) grid point, i.e., p;; = p(xi, Z]-), is homogeneously
distributed over the surface element with area AxAz centred in the node: hence,
the deformation uj; in correspondence of the (i, j) grid point is given in (299)
through the Boussinesq convolution summing the effects of the pressure

acting on all the boundary elements centred in the grid points (k, h).
N—1M-1 Xk+Ax/2 zp+Az/2

uj; = Z Z ff K(xi — &2z —n) d&dn | pxn (299)
i=0 j=0 \xp—Ax/2 zp—-Az/2
The analytical result of the integral in (299) is evaluated in (300) providing
a 4-indices compliance matrix Kjjp, (Johnson, 1987; Li and Berger, 2001;
Pohrt and Li, 2014) function of the defined auxiliary distances 6x;x, AXik, 8zjn
and Azjp,.
OXix = Xk — Xj — Ax/2  AXjk = X — Xj + Ax/2
8zjh = zn —7j — Az/2 Az, =z, — zj + Az/2

Az, + /Azjzh + 8x3,
Az, + /Azjzh + Ax3
oo+ Axy In o
1 8z + /(Szjzh + Ax3 (300)
Kijkh = —
mE*
8xi + /(Sxizk + (Szjzh
et SZ]'h In
Axiy + ’Axizk + (Szjzh
Axj + /Axizk + Azjzh
8 + /SXizk +Azf,

Referring to the lexicographical order of the rectangular Reynolds equation
grid (I index for the (i,j) point and ] index for the (k,h) one), the BEM
approach provides the linear relation between the deformation and the
pressure vectors through the compliance matrix Ky in (301) with the same
structure of the FEM deformation model.

(298)

Oxik In + -

.t AZ]'h In

111



Chapter 2
N-1M-1

[=iM+]j
ujj = z z KijkhPkn = J = kM _|_Jh - U= Z Kypy (301)
i=0 j=0 ]

In order to compute the deformation with the CC-FFT tool, the 2D Kernel
Kj; is obtained from the 4-indices compliance matrix Kj;i, in correspondence

of k = h = 0, then its extended version for the 2D circular convolution is

given in (302).
K, =
[ Koo - Kom-1 | 1:1 [ Kom—1 - Koz |
. ‘. . 0 . i .
Kno10 0 Knogm-1]| LD [Kyogm-1 0 K-t
- - - - (302)
= [ 0 -] 0 [ 0 -]
-KN—l,O KN—l,M—l- -KN—l,M—l KN—1,1-
. ‘. . 0 . 5 S
Kio = Kym-1 | Ll [ Kom-r 0 Kyg |

"l:ﬁen, the pressure field pj; is extended and zero-padded outside the
analysed domain, obtaining the extended pressure field p, in (303).

0 - O] [0 0] 0 .- O]
o0 .- 0l 0 - 0 o ... 0l
0 - 0] : 0 - O]
Pe =1} ™~ SR TR o (303)
0 - 0l : 0 - 0l
0 - 0] [0 0] 0 - O]
0 - 0 0 - 0 0o - ol

Finally, the extended pressure field u, is given in (304) by the piecewise
product between the bidimensional FFTs of the Kernel and pressure extended
matrices, from which the output deformation field uj; is extracted from the
central block.

u, = IFFT(FFT(K,) o FFT(p,)) = -+
[-] [..] []

=|[...] [ ul] ] [...] (304)

[.] [...] [.]

Then, the FDM discretization of the rectangular EHL Reynolds equation
with the half-space deformation model (implemented in the gap equation) is
given in (305) together with the due modifications to include the pressure-
varying rheological properties: it presents the same non-linear functionality
structure of the FEM case in (269,270) and also a dense Jacobian (due to the
dense compliance matrix K) that makes the iterative Newton method too
expensive.
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g=— u=phU w=phW v=ph

hIZZKIJPJ+g1—5
]

(305)
gfD,p; — DIu; —DIw;—dfv, 2<ij<NM-1
Fi(p) = { P1j, Pnj 1<j<M
Pi1, Pim 2<i<N-1
F(p)=10

The (305) system can be iteratively solved with the same free-derivative
method described in (272), but here a local derivative method is proposed: the
non-linear Jacobi strategy reported in (306) with the relaxation w allows to
update the local unknown pressure p; by a local Newton update taking into
account the local derivative of the equation Fj, as if the pressure on the other
grid points was fixed to the previous iteration.

k+1 _ ok _ Fi(p")

Pr ~ =DPi ‘*’—aFI . (306)
ap; ()

The derivative of the F; with respect to the local pressure pj is reported in
(307) (accounting for the known derivatives in (232,233) in rectangular form)
and it is nothing other than the local entry of the main diagonal of what would
be the system dense Jacobian Fy: let note that due to half-space Kernel
Toeplitz structure, the local derivative of the gap with respect to the local
pressure is the constant influence coefficient K over all the 2D grid.

oh _
apl_ II — ™00 a a
€

eD, ' + pD] -
oF P Pr 2<ij<NM—1 (307)
iy =4 _prW_prdwi_ Ve
op1 * apy  opy ¢ P1

1 1<j<M

2<i<N-1

The computational gain of the non-linear Jacobi method (as for the linear
one) is represented by the possibility to vectorize it, so, indicating with f,, the
vector collecting the local derivatives of the equation Fj, i.e., the main
diagonal of the Jacobian F,, the iterative cycle solving the Reynolds equation
in the described configuration is given in (308) together with the cavitation
constraint implementation.
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while Z|p}‘+1 — pf| > tol
1

p*=p* - 0F(p*) O f(p*) » p" = max{0,p’} (308)
k-k+1
end

2.3. Mixed Lubrication

The ML regime, as described previously, is a lubrication mode occurring
when the too high load or the too low sliding velocity do not generate enough
fluid pressure to sustain a full separation of the tribo-system conjugated
surfaces, so in some zones of the interface the surfaces directly touch and there
the contact pressure rises.

Before discussing the numerical techniques developed in this work to
address the ML simulations, let introduce basic concepts in the framework of
the DCM simulations with the objective to transfer the obtained information
in the context of the ML regime simulative context, with reference to
stationary frictionless dry tribo-systems interacting only along the normal
contact direction (the contact interaction produces only the normal stress, i.e.,
the contact pressure, generating only normal deformation).

Furthermore, it is necessary to introduce the following DCM solvers,
because they will be used in the context of the successive ML simulations
regarding rectangular tribo-systems in order to:

e supply a first pressure guess starting the associated iterative cycles;

e compare the ML simulation results with respect to the associated
DCM configuration for the same operating conditions, in terms of
contact area, load, wear and so on.

2.3.1. Dry Contact Mechanics

In the following, the variational principle strategy is presented and
addressed with the half-space BEM deformation model described previously;
the line-contact tribo-system will be characterised, while the point-contact one
will be extrapolated by generalization of the former.

In absence of lubricant and in the described above configuration, the
governing egs. (309) describing the 1D DCM problem are:

e the normal deformation u equation accounting for the 1D Boussinesq
Kernel,

e the gap h equation accounting for the normal deformation u, the
geometrical gap g and the rigid approach §;

e the 1D load balance equation, where N is the applied load per unit
length.
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The input of the problem are the mechanical properties of the involved
profiles (equivalent Young modulus E*), the geometrical gap g and the applied
load N, while the output are the gap field h, the contact pressure field p and
the approach 8.

2 —
u=-— [ de|p(z) d
Q
Jh(x) =u(x) +g(x) — 8 (309)
N = fp(x) dx

\ Q

The problem in (309) was already solved analytically by Hertz (Hertz,
1882) for simple geometrical configurations: with particular reference to a
line-contact tribo-system composed by a cylinder of radius R against a flat,
Hertz provided, in addition to the contact pressure ellipsoidal shape in the
contact zone, the contact half-width ay (the contact area is intended as the
domain zone in which the contact occurs and so the pressure is positive), the
approach 6y and the maximum contact pressure py reported in (310).

4NR af 2N
= / =H == (310)
aH mE* 8H R P Tay

In order to simulate the same configuration, the equations in (309) are
scaled with respect to the Hertz analytical results, defining with the respective
capital letters the following dimensionless quantities in (311).

p u
H H H H
a 8[_[ a 8].[ o~ ay
Implementing the (311), the problem (309) is rewritten in (312).
1 )
UX) = ——fln P(E)dE
T Dy
Q
{HX) =UX) +G(X) — A (312)
T
7= f P(X) dX

\ Q

The DCM problem addressed with the variational principle is based on the

theoretical concept that two surfaces approaching each other make contact

reaching a condition of energetic equilibrium. Then, let analyse the energetic

configuration of the system (Kalker, 1977; Tian and Bhushan, 1996):

e the rigid body displacement A produces the surfaces’
interpenetration A — G which is compensated by the deformation

115



Chapter 2

generated the contact pressure P, so the associated external work
W is given in (313);

W= f(A —G)PdX (313)

e the response of the contacting materials is the development of the
internal elastic energy E in (314) dealing with the deformation U
produced by the pressure P.

1
E=-| PUdX
;| Pua (314)
Q
So, the total contact energy V is given in (315).
1
V=E—W=§fPUdX—f(A—G)PdX (315)

Q Q
Recognising the pressure integral in (315) to be the known input load, the

total energy is rewritten in (316).
i
j(A— G)PdX = EA_ f GPdX

1 Q . (316)
szfPUdX+jGPdX—EA
Q Q
Let develop in (317) the discrete integrals (summations) on the line grid
domain previously presented in (281).

1 i1

i=0 i=0
Then, the energy per unit length v is given in (318) by substituting the half-
space 1D BEM deformation coming from the discrete convolution in (284)

(here Kj; is the dimensionless 1D Boussinesq Kernel matrix).
N-1

ZO

(318)

N-1
i=0 j= i=0
In matrix form, the total energy per unit length referred to an elastic contact
system is a quadratic form with respect to the contact pressure vector P
reported in (319).

1
_ T Tp_ 319
V= PKP+GP > A ( )

Accordlng to the variational principle, the contact configuration is reached
when the total energy is minimum: the associated minimization problem has
to be coupled with the Linear Complementarity Conditions (LCCs) reported
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in (320), i.e., a constraint imposing positive contact pressure in the contact
zones (zero gap) and zero contact pressure in the open gap zones (positive
glegp)>. 0 H;=0
i - i=
P=0 - H >0 (320)
The discretization of the load balance eq. (312) is given in (321) by
considering the 1D trapezoidal integration leading to the definition of the 1D
integration operator vector ty.

1 117
t =AX[— 1 - 1 =
’ No1 2 2 321
T[—Zpi_l-l_PiAX—tTP ( )
2 2 X

i=1

Therefore, the minimum problem associated to the elastic DCM system is
given in (322) coupled with the equivalent form of the LCCs and to the load
balance equation constraint: the objective is to find the pressure field P and
the rigid approach A providing a minimal energetic configuration due to the
applied load.

(min 2 PTRP + TP — - A
PA 2 2AX
P>0 H>0 PoH=0 (322)

i

&P =3
A technique that effectively solves the problem in (322) is the Gradient
Descent Method (GDM) (Stanley and Kato, 1997; Polonsky and Keer, 1999)
with additional modifications along the iterations to impose the constraints.
The algorithm starts with a trial pressure vector PX with which the gradient of

the energy v with respect to the pressure (indicated with Hy), since it represents
the gap in correspondence of null approach) is evaluated (eq. (323)).

A K
(a_P) — H, = KPK+ G (323)

Then, the associated approach AX is evaluated in (324) by considering that
it is equal to the mean level of the gap H,, in the contact zone (). (extended by
the length L.), i.e., where the pressure is positive: this ensure that the

consequent gap H¥ is zero in Q. satisfying the LCCs.
Q. ={vieQ: PF>0} L.= jdX
Qe (324)
k_ 1 k k
C
Qc

At this point, the residual that has to decay can be defined as the maximum
of the absolute value of the gap H¥ in the contact zone, i.e., the contact points
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have to lie in the closed gap zones. So, the iterative loop runs until the
condition in (325) is true within a chosen tolerance tol.
max|H5C| > tol (325)
Along the iterations, the pressure update P, is given by the means of the
gradient descent direction d¥ and the step size w defined in (326) according
to the GDM.
dk" gk

k—— =
¢ =-H w=—7 (326)

P, = PX + wdX
The update P, is not ready yet to move to the next iteration because it is
not ensured its positivity and not even the load balance: so, the nested loop in
(327) is implemented that shifts the pressure vector Py by a quantity a related
to the load balance error in the contact zone (let note that (1. changes while
shifting Py) until « becomes acceptably lower than the chosen tolerance.

0(=l E—fPOdX Py > Py +a (327)
Lc\ 2 J
Finally, the pressure vector negative values are truncated in (328) ensuring
the LCCs and the updated pressure vector is evaluated to supply the successive
iterations running the eqs. (323-327) loop; the computational speed of the
proposed approach is given by the absence of iterative matrix assemblies and
inversions and by the CC-FFT tool used every time the product between the
compliance matrix K and a vector is needed.
PX*! = max{0,P,} k—-k+1 (328)
An example simulation result is reported in the Figure 85 in which the red
upper cylinder is pushed against the lower flat by the means of the input load
resulting in the depicted deformed configuration with the black arrows
indicating the contact pressure field in the contact zone; furthermore, for the
chosen set of parameters, the percentage of contact area A, with respect to the
domain length is reported.
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Ac =32.1569 %
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Figure 85 /1D DCM simulation contacting profiles

The Figure 85 is associated with the Figure 86: here the pressure and gap
fields are reported along the domain; it is worth to note the validity of the
imposed LCCs and the unitary pressure peak and contact half-width revealing
the reliability with respect to the Hertzian analytical solution.

127

(X)

o

&
H(X

Figure 86 /D DCM simulation pressure vs gap fields

The analogous simulations for the point-contact system can be conducted
by using the 2D version of the governing equations reported in (329)
accounting for the 2D Boussinesq Kernel.
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r xy) ! (&) ded
u(x,y) = .
) o gome
{hxy) =ulxy) +glxy) -8 (329)
N = | p(x,y) dxdy
-

The (329) are scaled with respect to the analytical Hertz solution in (330)
referred to a sphere of radius R pushed against a flat by the means of the
applied load N, represented by the contact half-width ay, the approach &y and
the contact pressure peak py.

3[3NR a4 3N
aH = / 2 TR PHT o2 (330)
H

The same scaling logic leads to the dimensionless equations given in (331).

(U =2 f ! P(<, 0) d2do
m ) JX =52 + (Y - )2
{HIKY) = UK Y) + G(X, Y) — A (331)

2T
3= fP(X,Y) dxdy
Q
At this point the 2D discretization is already given in (298), so the 2D
Boussinesq Kernel matrix K, the 2D CC-FFT tool and the definition of the 2D
trapezoidal integration vector operator t, are applied to lexicographical
ordered quantities (gap H, contact pressure P and approach A) to solve the
analogous minimization problem in (332) with the same GDM described
above (with the due modifications for the surface integrals along the
iterations).

i 1PTKP+GTP 2m A

s 3AXAY

P>0 H>0 PoH=0 (332)
tTP_Zn

2873

The simulation results for the point-contact system case are reported in the
Figure 87 depicting the related deformed configuration for a given set of input
parameters and highlighting the contact area percentage A..
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A_=10.1789 % —=p(xy)

Figure 87 2D DCM simulation contacting surfaces

The pressure and gap fields associated with the Figure 87 are reported in
the Figure 88, in which the same considerations with respect to the line-
contact case about the Hertz analytical reference parameters can be made.

Pressure Gap

Figure 88 2D DCM simulation pressure vs gap fields

In both the dry and wet contact mechanics problems an interesting role is
played by the involved surfaces’ roughness, intended as the normal deviation
of a real surface structure with respect to its ideal (smooth) shape: it would be
useful to have a rough surface computational generator, so that a roughness a
contribution can be implemented into the gap equation as a deviation with
respect to the geometrical (smooth) undeformed gap; in this work the
roughness is modelled as a fractal surface.
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2.3.2. Fractal roughness

A fractal is a mathematical/geometrical entity showing the same detailed
structure at any arbitrary scale, like the fractal tree or the Fibonacci’s golden

section depicted in the Figure 89, in which, respectively, each tree branch
generates two further branches and each square side is given by the sum of the

two previous squares’ side.

Figure 89 Fractal tree and Fibonacci's golden section

A rough surface can be modelled following the fractal principle by
characterising its stochastic nature; let introduce a stochastic process called
Brownian motion B(t) (Takenaka, 1988), i.c., a continuous function of the
time t characterised by null initial value and by a fundamental characteristic:
its values in correspondence of two different time instants, t and 1, are
correlated through the Gaussian normal probability distribution function f
with zero mean p and variance 62 equal to the time range t — 1 (eq. (333)), so
N is a normally distributed random number extracted from a set with
probability f.

f(x) = ! e_%(x%)z - N(p,02%)
oV2mn '
B(0)=0 B(t)—Bm =N(0,t—n)

The above means that the Brownian process B(t) evolving over time is
characterised by values more correlated if closer in time and vice versa, while
its variation does not follow a preferred direction, in particular it is not
dependent on the actual time instant but only on the time range with respect
to another instant. Due to its described nature, the Brownian motion can be
only simulated by defining its increments (Yang and Zhao, 2016): recalling
the relation between a normal distribution and the standard one, i.e., with zero
mean and unitary variance, and defining a discrete time grid t,, with N points
and uniform spacing At, the discrete Brownian motion B,, can be simulated by
the incremental recursion given in (334) starting from a null initial value By.
In the Figure 90, the simulation of several Brownian motions is depicted and

(333)
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the normal distribution f in correspondence of the highlighted time instant
(black dotted line) is shown overlapped to the associated histogram.
N(wo®) =p+0oN(0,1)
T
n=0,..,N-1 At:m t, = nAt (334)
Bo=0 - By=By+VAN(0,1)

B s
& & & b o N & O ®

ot |
P
b
6
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Figure 90 Brownian motion simulation

The independent nature of the increments of the Brownian motion in (334)
is a characteristic reported at any arbitrary time scale: the same principle is
transferred to a fractal surface.

Talking about a 1D configuration, a fractal profile along the line domain x
is given by the height r(x): as reported in the eq. (335), two heights in
correspondence of different positions x and & are correlated through the
Gaussian normal probability function V' with zero mean u and variance o2
proportional to the distance x — € raised to a power 2H, where H is the Hurst
exponent strictly related to the fractal dimension (Cheraghalizadeh et al.,
2024).

r(x) —r®) =N(0,k(x—-%?*) 0<H<1 (335)

With reference to (333), let note that a fractal surface withk =1 and H =
1/2 is actually a Brownian surface: the proportionality factor k is devoted to
the macro-dimension of the profile roughness, while the Hurst exponent H is
ameasure of the “chaos” (greater H provide smoother surfaces and vice versa).
The (335) is rewritten in (336) in terms of the fractal profile standard
deviation.

r(x) —r(®) = Vk&x - 9" ¥ (0,1) (336)

In order to simulate a fractal profile on a discretised grid reflecting the
property reported in (336), the Random Mid-Point (RMP) algorithm is
introduced (Wang et al., 2010): it builds the height profile starting from the
grid extremities and then by filling recursively the mid-point of each grid
level. In particular, starting from the knowledge of the height of the grid
boundaries (by the means of a normally distributed random number generator
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with zero mean and standard deviation equal to VKLM since their distance is
L), the mid-point height is generated by adding to the mean height
(arithmetical average between the height of the boundaries) a noise generated
by a normally distributed random number with zero mean and standard
deviation equal to Vk(L/2)H, which is associated to the distance between the
mid-point and the boundaries; then the two resulting half grids are filled with
the same concept by finding new mid-point heights until all the grid points are
covered. With reference to the Figure 91 the (k) grid level is characterised by

the mid-point height r (Xfrlf)) evaluated in the eq. (337) by the knowledge of

the boundaries xﬁ\k) and x](gk) heights rgk) and r](3k).
k K K Kk
o _xo+x” g+
x® _ & H
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Figure 91 /D Random Mid-Point algorithm scheme

(337)

An example of generated fractal profiles obtained by varying the Hurst

exponent H is shown in the Figure 92.

X X

Figure 92 Fractal profiles
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The RMP algorithm can be adapted in 2 dimensions to generate a fractal
surface r(x,z) characterized by the property (336) adapted for the 2D case in
(338).

H

rxz) - rEm) = vk (VE—9Z+ y—m?) M (01) (338)

With reference to the Figure 93 and to the eqs. (339), the 2D RMP is
composed by two steps:

e the Square step in which, starting from the (k) 2D grid level

known corner heights rgg, rgg, rgg and r[(\kB) in correspondence

of the positions delimited by the boundaries Xg‘k), X}gk), ng) and

Z]gk), the height of the resulting square midpoint rr(rlfr)n is given by

the RMP logic accounting for the Square distance dgk) in the
normally distributed number standard deviation;

e the Diamond step in which the height of the previous square sides
midpoints rgg, rr(rlfz\, rg;)l and rgl% are given by the RMP logic
averaging the heights of the 3 related surroundings and perturbing
them with the usual normally distributed number with standard

deviation accounting for the Diamond distance dg().

1 2 2 1
() _ o _ K o _® ) _ ()
dg ——J(XB — X, ) +(ZB —Z, ) dp’ = st

2 72
W, 0, 00,
Faan T Tga tTgg +7T1 H
rim = —2A——BAZ_BB 4B vk (d$9) v (0,1)
© , 00, [
Faa T Tga +7T1 H
rg = -AA——BA—mm vk (d3°) v (0,1)
OB (SRRNCS H (339)
rig = AE——EB I 4k (a5°) (0.1
{
© 00, ()
r +r +r H
i = SA——A0 vk (d50) v (o,1)
© 0, 0
(@ _Tpa tTgg T %
rso = 21 Vi (d5°) o)
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Figure 93 2D Random Mid-Point algorithm scheme

An example of generated fractal profiles obtained by varying the Hurst
exponent H is shown in the Figure 94.

Figure 94 Fractal surfaces

As stated above, the DCM solver can be supplied by a geometrical gap g
taking into account rough profiles/surfaces: in the Figure 95 and in the Figure
96 the deformed configurations regarding tribo-systems composed by,
respectively, a fractal rough profile against a flat (1D line-contact system) and
a fractal rough surface against a flat (2D point-contact system) simulated with
the variational principle approach through the GDM are shown: it is worth
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noting that, even if the upper rough surfaces are pushed against the lower flat
by the applied load, the real contact area percentage turns out to be
significantly smaller with respect to the nominal one, i.e., the length/area of
the domain.

Ac =19.6078%
0.06 [ i i i

0.04

0.02

z(x} [m]

-0.02 -

-0.04 -

-0.06 -0.04 -0.02 0 0.02 0.04 0.06
x [m]

Figure 95 1D DCM simulation rough profile vs flat

= pix.y)

A, =11.3064 %

Figure 96 2D DCM simulation rough surface vs flat

2.3.3. Numerical strategies coupling lubrication and contact

The main difficulty when trying to adapt the dry contact complementarities
to a mixed lubricated tribo-system (Patel et al., 2022) is that, while in DCM
regime the pressure and the gap are actually complementary, the ML mode
pressure exists anywhere in the domain: the positive pressure in the open gap
zones is the lubricant fluid pressure, while the positive pressure in the closed
gap zones is the contact pressure.

From above, two big computational/conceptual issues arise (Zhu and Hu,
1999; Hu et al., 2001; Zhu, 2007; Zhang et al., 2016, 2019):
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e the pressure generation mechanisms related to the solid contact
and to the fluid lubrication are devoted to different phenomena,
i.e., the solid materials avoiding interpenetration and the fluid
constrained to flow by sliding and squeeze effects, but both the
pressures contribute to the same surfaces’ deformation and to
sustain the same applied load; then, the computation has to link
the different governing equations on the same domain;

e the solid contact happens when the surfaces’ gap is zero and the
Reynolds lubrication equation is singular in correspondence of
null gap, since the flow is defined for positive gap; then, there will
be numerical singularities in the domain transition zones from
fluid to contact areas that have to be handled by the ML solver.

Furthermore, the occurring of direct solid-to-solid contact during a time-
evolving surface interaction produces wear, i.e., the loss of material from the
surfaces that pushed against each other are subjected to sliding, which over
time progressively modifies the surfaces’ gap (Ludema, 1996): the wear
modelling is necessary to estimate in silico the tribo-system degradation
during its functioning and, among all the wear mechanisms depending on a
multitude of factors (Meng and Ludema, 1995), it can be easily implemented
in the gap equation through the Archard wear model (Archard, 1953; Archard
and Hirst, 1956).

Even if the original Archard model refer to a global material volume loss
due to a given applied load and to a realised sliding distance, it is adapted in a
local spatial/temporal form in order to be implemented in the solver that takes
into account both the space and time evolution of the tribological event. So,
the Archard wear model reported in (340) states that the local wear rate, i.e.,
the variation over the time t of the wear penetration depth w intended as the
normal dimension of the worn volume over the conjugated interface, is
proportional to the product between the local pressure p and the local sliding
velocity vector V norm through the wear factor k,, (a constant depending on
the materials composing the tribological pair).

ow
= = kwplIVI (340)

From the (340) follows that the local wear depth w is given by the
cumulative time integral of the wear rate, so, in correspondence of the

analysed time instant, the wear field is given in (341).
t

wix 0 = [Kupllvide (341)
0

For all the ML models developed in this work accounting for wear, it is

assumed a constant wear factor depending on the coupling materials found in

literature, so it does not take into account effects like frictional work and

multidirectional sliding typical of the polymers: despite this assumption, the

aim is the implementation of the wear generation as a progressive loss of
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materials from the coupled surfaces during their loading/sliding interaction,
so further deepening on a variable wear factor will be matter of future
perspectives; furthermore, the wear will be considered only in the resulting
contact zones, keeping the validity of the Archard wear law even in a
lubricated contact configuration.

The wear depth that progressively modifies the gap field until a particular
instant can be implemented into the gap eq. (342) as a field quantity that is
updated along the time evolution.

h(x,t) = u(p) + g(x) + w(x,t) — 8(t) (342)

Hence, once the ML solver has simulated the whole analysed time period
referred to the tribo-system functioning, the wear volume V time evolution
associated to that operating conditions can be evaluated in (343) through the
surface integration of the wear depth w.

V() = fw(x, t) dA (343)
Q

In this work two approaches were followed to model the ML regime
adapting the already addressed governing equation:

e the first approach distinguishes the fluid lubrication and the solid
contact by dividing the pressure into fluid pressure p and contact
pressure pg; it has been used in the context of the spherical THR
tribo-system characterised by the spring deformation model;

e the second approach keeps a unified pressure field p that in the
lubricated zones is fluid pressure while in the contact zones is
contact pressure; it has been used in the context of rectangular
tribo-systems characterised by the half-space deformation model.

2.3.3.1. Splitting pressure approach

Starting with the first approach, a contact deformation u. is implemented
into the spherical gap eq. (344).
h(6,¢,t) = k.p(8,@,t) +u. +c +w(B, @, t) — eT(D)F(, p) (344)
Along the iterations of the method chosen to solve the problem, the trial
fluid pressure p is used to elaborate the gap h in absence of contact pressure
pc: the contact deformation u, rises if the trial fluid pressure p is not high
enough to avoid the surfaces’ interpenetration, so it is calculated in (345) as
the compensation of the eventual negative gap h; in order to avoid the
previously described Reynolds equation singularity, the contact deformation
u. compensate the negative gap up to a chosen limit A, intended as a
boundary layer below which the surface contact is direct.
ue = max{0,A, — (kep + ¢+ w— eTF)} (345)
Then the evaluated contact deformation u. is added to the gap h and the
spring deformation model is inverted as in (346) to evaluate the contact
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pressure p. in the contact zones (positive contact deformation): let note the
validity of the LCC imposing a positive contact pressure in the closed gap

Zones.
u
pc = k—c (346)

C

So, the Newton iterative loop in (235) runs updating the fluid pressure p
and evaluates the contact pressure p. as a consequence of the former: once it
has converged, the contact pressure p. is going to contribute to the load vector
N calculation in (347) needed to supply the outer loop iterating on the
spherical joint eccentricities.

N= jf (p + po)fR? sin 6 dBde (347)
Q

Finally, when also the outer loop iterating on the eccentricities has reached
the convergence, the resulting discretised contact pressure p,. field is used in
(348) to evaluate the discretised wear penetration depth w by adding to the
previous one (wj;) the variation for the time step At governed by the wear rate

accounting for the sliding velocity vector norm given by the components of
the entraining velocities Ug and U,.

w;i :\NH4—kprH2/U9§4—U¢§At (348)

2.3.3.2. Unified pressure approach

The second approach is, according to the author, more methodical since it
consists into imposing a different equation in correspondence of the grid
contact points: with reference to the rectangular Reynolds equation local
residual Fy in (305), in order to respect the LCCs validity in the contact zones
without separating the contact pressure contribution from the fluid one or
altering the gap equation, the ML problem can be addressed by imposing the
Reynolds equation in the positive gap zones and the null gap equation
elsewhere, defining a new residual G; in (349).

Fi(p) h; >0
Gi(p) {hl(p) hy < 0

The (349) suffers from discontinuities due to the Reynolds equation
singularity in correspondence of null gap, so, in order to provide a more gentle
passage across the lubricated/contact zones, a smooth transition function of
the gap 0 is defined in (350): it is conceived as a continuous and differential
sigmoid which is zero for negative gap and grows to become unitary across
the gap range between zero and the boundary limit Ay,.

(349)

0 h<0
1 mh
8(h) = —(1 — CcoS (—)) 0<h<Ay (350)
2 Ay
1 h> A,
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The transition function 6 allows to smoothly move across the lubricated
zones in which the Reynolds residual Fj is valid, i.e., 8 = 1, and the contact
zones where the gap h is imposed to be zero, i.e., 8 = 0: the new ML problem
residual Gy is defined in (351).

0 =0(h) - G(p) =6iFi(p) + (1 —6)hy(p) =0 (351)

The new set of equations G is solved with the same non-linear Jacobi
method, so the local derivative of the transition function 8 with respect to the
gap h is needed in the chain rule and it is reported in (352).

0 h; <0
de[ T T[h[
L (™) o <a :
dhl( D 2n S (g 0<h <Ay (352)
0 h; > Ay

With this second approach, while the load is simply given by the unified
pressure field p, the wear occurs only in the contact zones, so the wear rate is
reported in (353) accounting for the transition function 0 identifying where
the surfaces are contacting.

ow
Frie ky (1 —0)pllVI| (353)

2.4. Simulations

In this section the results obtained by the developed tribological solvers are
shown; in particular, three configurations based on the author’s works were
simulated:

e the ML of the THR for the 3D loads and angular velocities
coming from the Multi-Body outputs referred to the lower limb
musculoskeletal system during the gait cycle; the deformation
model for the implant is the spring one and the ML approach is
based on the contact deformation splitting the fluid/contact
pressure distributions (author’s reference works (Ruggiero and
Sicilia, 2020a, 2022c, 2024; Ruggiero, Sicilia and Affatato,
2020));

e the EHL of a ball-in-socket joint for a given set of eccentricities
and angular velocities, considering the FEM deformation model
(author’s reference works (Ruggiero and Sicilia, 2021b, 2022b));

e the ML of a rectangular rough tribo-system for given approach
and sliding motions addressed with the half-space BEM
deformation model, considering the ML strategy based on the
unified pressure field managed by the smooth transition function
(author’s reference work (Sicilia and Ruggiero, 2025)).

At the actual state of this work, the only possibility to estimate the wear of
a THR is given by the ML model relying on the splitting pressure approach
and on the spring deformation model, which approach is better from a
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conceptual point of view with respect to a pure EHL simulation or a pure DCM
one, since the THR is a lubricated system undergoing in contact due to the
high loads acting on the coupled surfaces: the two successive developed
models, i.e., pure spherical EHL supported by a FEM deformation model and
ML simulation of rectangular tribo-systems with BEM deformation, were
created to make a more accurate deformation calculation, to test the unified
pressure approach during the occurring of a contact phase and to implement
the fractal roughness generator, with the aim to apply the developed tools in
the future to a spherical geometry, so that a more detailed and reliable THR
ML simulator could be obtained.

2.4.1. THR Mixed Lubrication with Multi-Body inputs

Starting with the first one, let recall in (354) the governing equations
accounting for the spherical Reynolds lubrication equation, the gap equation
considering the contact deformation and the wear penetration depth and the
THR 3D load balance; furthermore, the contact deformation evaluation logic
and the Archard wear law are included.

[ 66 _eph36p +6 ph® dp\
st a6 st 12100 dp\12pde/
d(sin 6 phU d(phU d(ph
(sin0phUy)  9(phUy) o . O(ph)

20 ¢ at
h(6, @,t) = kep(8, @, 1) + uc + ¢ + w(B, @, t) — eT (DF(6, p)

= Rsine[

N = ff (p(8, 9, ) + pc(6, @, 1) )F(B, @) R? sin 6 dOd¢ (354)
A
e = max{0, 8 — (kep + ¢+ w— eTH)} = pe =1
C

t

w(B,@,t) = jkprZ /Ug + U2 dt
0

The solver structure (355) is based on the nested loop composed by the
outer one iterating on the THR eccentricities e imposing the load balance L
through the numerical Newton method described in (216) and by the inner one
iterating on the fluid pressure p solving the Reynolds equation with the
analytical Newton method described in (235).
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while |[L(e™)|| > tol

while z|p}‘+1 — p¥| > tol
T

p' = p* — w[F(pN)] F(p)
pk+1 — maX{O,p*}

k-k+1 (355)
end

L(e") = Z P, (€")A0AG — N
ij

en+1 —_ en _ [Le(en)]—lL(en)
n-n+1

end
The input THR loads and angular velocities are the ones elaborated by the

Multi-Body model in the case of the lower limb musculoskeletal system
moving during the gait cycle and previously reported in the Figure 71, while
the THR parameters refer to a Hard-on-Soft THR implant made of UHMWPE
acetabular cup against a much harder femoral head (in accordance with the
spring deformation model) and the lubricant properties are in line with the
synovial fluid ones: the Table 1 collects all the input data together with the
parameters for the numerical computation (Dowson and Higginson, 1966;
Dumbleton, 1981; Fisher and Dowson, 1991; Nordin and Frankel, 2001; van
Leeuwen, 2009; Mattei et al., 2011; Aherwar, Singh and Patnaik, 2015; Zivic
et al., 2017; Merola and Affatato, 2019).

Table 2 THR input data for the ML simulation

Data
Femoral head radius r 14 mm
Radial clearance c 100 um
Acetabular cup thickness H 9.5 mm
Acetabular cup Young modulus E 1 GPa
Acetabular cup Poisson ratio v 0.4
Barus exponent o 19.8 GPa™!
Lubricant nominal viscosity L 1mPas
Dowson-Higginson coefficient ¢ 5.9-108% Pa
Dowson-Higginson coefficient y 1.34
Lubricant nominal density pg 850 kgm™3
Boundary limit Ay, 30 nm
Wear factor k,, 1077 mm3N~tm™?!
2D mesh points 100 x 100
Time vector length 70
Dimensionless pressure tolerance 10~°
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Dimensionless load tolerance 1073
Relaxation w 0.2
Load balance Jacobian perturbatione  10~*

The THR eccentricity vector e time evolution result is shown in the Figure
97 in its dimensionless form with respect to the implant radial clearance c: it
can be seen that the eccentricity y-component pushes the femoral head against
the acetabular cup surface, so it is expected the direct contact especially during
the gait stance phase; the eccentricity vector substantially follows the load
vector trend, since, at least during the gait cycle kinematics, the sliding motion
imposed by the angular velocities is less intense with respect to the high loads
coming from the hip joint reactions.
E{;centricitigs

0 26 46 éO 86 100
% Gait
Figure 97 THR eccentricities during the gait

In order to verify the expectations about the contact occurring based on a
preliminary analysis looking at the eccentricities, let analyse the time
evolution of the maximum pressure ppax (sum of the fluid and the contact
contribution) and the minimum gap h,,;, realised over the interface: looking
at the Figure 98, it can be seen that, the initial stage of the gait stance phase is
in full-film regime but the minimum gap quickly decreases and reaches the
boundary limit A, around the 30% of the gait cycle, from which the surfaces’
contact is established somewhere over the domain until the end of the gait
cycle, hence confirming that, even during a simple musculoskeletal
kinematics like the gait, the hip works in a ML regime due substantially to the
hip loading intensity; as a consequence, the maximum pressure trend is very
similar to the load y-component.
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Figure 98 THR minimum gap and maximum pressure during the gait

Let now verify the contact area location over the cup surface depicted in
the Figure 99 showing the transition from the full-film to a mixed regime
around the 30% of the gait cycle: it can be seen that the pressure bell, that from
fluid pressure turns into contact one, points towards what would be the

Proximal/Distal pelvis direction in accordance to the hip loads in the Figure
61.

% Con = 38,2887 %

2 e ® @

............ Contdtpeaserts, Pl
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Figure 99 THR fluid to contact pressure transition during the gait

Then, the pressure and gap fields are shown in the Figure 100 in
correspondence of two time instants, i.¢., one referred to a full film regime and
one to a mixed regime: in both the instants, the highly deformed zone can be
appreciated; the main difference between the regimes stays in the abrupt
transition from the open gap zones to contact ones in the mixed configuration
in which the gap is imposed to be equal to the boundary limit A}, while in the
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full-film instant, the gap is smoothly deformed in the region of minimum film
thickness.

% Gait = 8.5714 %
Pressure Gap
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Figure 100 THR pressure and gap fields in full-film and mixed regimes

From the applicative point of view, the most important output is the worn
material, so the wear penetration depth in correspondence of the end of the
gait cycle is shown in the Figure 101: it gives information about what zone of
the implant is majorly stressed by the wear.
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Figure 101 THR wear depth at the end of the gait cycle

Even more interesting is the time evolution of the wear volume along the
gait cycle shown in the Figure 102: it can be seen that it starts growing with
the contact event and keeps growing due to the combination of the contact
pressure and the sliding velocities, slowing down towards the end of the gait
cycle where the gait swing phase provides less pressure at the interface. Even
if the succession of several gait cycles over the implant functioning life
continuously degrades the conjugated femoral head and acetabular cup
surfaces, the wear volume evolution along the single gait cycle provides a
simple estimation of the implant volume loss during a year (considering that
an average of a million gait cycle are executed in that period): it is extracted
from the last value of the shown wear volume V and it is simply multiplied by
cycles done in the year; the results of the presented model provided a annual
wear rate of about 32,7 mm3 per year, which is in line with some in vitro
testing found in the literature (Mattei et al., 2011; Mattei, Di Puccio and Ciulli,
2013; Di Puccio and Mattei, 2015; Ruggiero, Sicilia and Affatato, 2020). Of
course, this estimation is simple but it does not take into account the so-called
long term wear effects which are referred to the implant functioning over
millions of gait cycles, e.g., creep effects, cumulated degradation, and so on:
in order to have a more precise estimation, the developed ML code has to be
run with the same time resolution over a too much longer time period and so
it would require a lot of computational time that cannot actually be handled
by this author computational availability. The accuracy of the single gait cycle
simulation keeps its validity and the possibility to have a starting estimation
of the implant duration: in the future, numerical modelling and techniques
strategies able to handle longer time period will be studied and implemented
by this author, so that a valid in silico competitor to the reliable in vitro
simulators could be achieved.
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Figure 102 THR wear volume during the gait

At this level, the coupling between the Multi-Body model and the ML
solver, even if the second one is characterised by a simple deformation model,
turns out to be effective in terms of achieving a computational tool estimating
the THR implant wear starting from the musculoskeletal kinematics (which is
the global aim of the current work resumed in the Figure 103); at the current
state, a potential user of the developed computational pipeline has to supply
the musculoskeletal properties resumed in the described excel input file to
identify the subject mechanical system and the geometrical and rheological
input parameters related to the implanted Hard-on-Soft THR: with this inputs,
he would be able to obtain mechanical/tribological simulation results
associated to the investigated implant load/motion operating conditions and to
the surfaces’ interaction in terms of fluid/contact pressure, wear and so on.

This developed algorithm could be useful in the context of the artificial
joints in silico wear estimation with the possibility to be adopted in the context
of custom-manufactured implants.

Musculoskeletal

Inverse Dynamics
solver

Skeletal marker
kinematics

'3 Joint load and Tribological
relative motion Mixed Lubrication
- solver
{ Joint wear
g‘ ‘W G »
E ‘ JI:I i Q E O I
"\ i
— | m "
[

Figure 103 Models linking from the musculoskeletal kinematics to the joint
wear
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The developed routine could be also useful in the context of sensitivity
analyses based on the THR response to a variation of input parameters like
geometry, rheology, etc.: some of these aspects could be found in the author
published chapter (Ruggiero and Sicilia, 2024), while other discussions will
be made in future studies.

The remaining part of this work will be devoted to the implementation of
the more accurate deformation models previously presented that, with the
view of a future perspective, could be applied in the context of the developed
hip wear in silico simulator.

2.4.2. Spherical Elasto-Hydrodynamic Lubrication and FEM
deformation

Let proceed with the spherical EHL simulator with the FEM deformation
model; in this case, the developed algorithm is tested for a given ball-in-socket
relative motion defined by the input time-varying eccentricities and angular
velocities, so the only governing equation is the discretised Reynolds residual
F reported in (356) together with the gap h equation accounting for the FEM
compliance matrix C.

h[ = Z C[]p] +c— eTfI
J

a(p) = Dz&(p) bi(p) = Dywi(p) + Dowi(P) + D{ve(P) (354
af(p)p;—bi(p) 2<i<N-1 2<j<M-1
Fi(p) = { P1j, Pnj 1<js<M
Pi1, Pim 2<is<N-1
The solver iterative logic is the free-derivative one reported in the eq.
(272), while the input data given in the Table 2 and the input time evolutions
of the eccentricity vector e and of the angular velocity vector w are depicted
in the Figure 104: they refer to the testing tribo-pair made of a ceramic ball
into a UHMWPE socket, which the ball is hardly pushed against the socket
through the y-component of the eccentricity and it rotates only around the z
axis, according to the simple shown kinematics in order to provide information
about the involved tribological fields shape once the steady-state is reached.

Table 3 Ball-in-socket input data for the EHL simulation

Data
Ball radius r 14 mm
Radial clearance ¢ 100 pm
Socket thickness H 9.5 mm
Socket Young modulus Eg 1 GPa
Socket Poisson ratio vg 0.4
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Figure 104 Ball-in-socket relative motion for the EHL simulation

The resulting lubricant pressure and gap shapes at the end of the analysed
time period are shown in the Figure 105: it can be seen that, due to the w,
angular motion, the lubricant is dragged along the ¢ direction, so both the
fields resulted to be symmetrical along 0; the combined action of the angular
motion and the eccentricity ey provided the asymmetrical shapes along ¢
characteristic of the EHL regime, i.e., with the pressure bump and the
minimum film thickness in correspondence of the meatus outlet of the highly
deformed zone (Dowson and Higginson, 1966; Greenwood, 2020) (the
pressure spike is not clearly visible for the chosen operating conditions, due

to the low but physiologically reasonable angular velocity).
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Figure 105 Pressure and gap fields of the EHL simulation

Two further interesting shapes are the ones belonging to the socket shear
stresses Tg and T, fields reported in the Figure 106: the symmetrical behaviour
of the lubricant pressure p along 8 produces an anti-symmetrical shape of the
Tg stress, while the T, stress field feels the effects of the w, angular motion
and of the piezo-viscous lubricant rheology showing a clear spike in

correspondence of the meatus outlet.
t=56s

Shear stress 7, Shear stress L

-, [Pa]
-, [Pa]

# [rad]

Figure 106 Shear stress fields of the EHL simulation

The surface integration of the pressure p and of the shear stresses tg and
T leads to the time evolution of the load vector N and of the viscous friction
torque vector T depicted in the Figure 107: the simulated operating conditions
provided a great amount of load along y and a less intense one along x, while,
as expected, the friction torque was generated only around the z axis in
response to the imposed angular motion; it can be seen from the time
evolutions that the steady-state was reached.
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Figure 107 Load and friction torque of the EHL simulation

The reliability of the simulator can be verified by comparing the minimum
film thickness h;, realised over the interface along the time t with the
stationary one obtained analytically by the Hamrock-Dowson empirical
formula (Hamrock and Dowson, 1976; Lubrecht, Venner and Colin, 2009) in
(357) accounting for:

e the material dimensionless group dealing with the lubricant Barus
exponent a and the bulks’ equivalent Young modulus E* (given
by the ball and the socket Young moduli E;,, Eg and Poisson ratios
Vb VS);

e the speed dimensionless group dealing with the lubricant nominal
viscosity g, the sliding velocity Uy (given by the ending angular
velocity w, and the socket radius R), the modulus E* and the
equivalent curvature radius Ry along the sliding direction (given
by the ball and socket radii r and R);

o the load dimensionless group dealing with the normal load w (in
this case assumed to be the ending Ny component of the load
vector), the modulus E* and the radius Ry;

o the ellipticity factor dealing with the radius Ry and the equivalent
curvature radius in the plane orthogonal to the sliding direction
Ry (equal to Ry in the spherical case).

The comparison reported in the Figure 108 confirms that the minimum film
thickness, after a transient phase starting from the radial clearance c value,
decreases as the load increases, reaching a stationary phase in which it tends
to the Hamrock-Dowson empirical value.

2 2
i:izl—l 1:1_Vb+1_VS UX:(‘)ZR W:Ny

R, R R E* E E
x By rOR b s (357)

RY
k = 1.0339 (—)
Ry
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Figure 108 Minimum film thickness of the EHL simulation

Finally, the eventual benefit of the developed FEM deformation model
stays in the possibility to entirely solve the structure equilibrium eq. (260) in
a post-processing phase to find the whole set of nodal displacements q from
which the mechanical response of the ball-in-socket bulks to the generated
lubricant pressure at the interface can be analysed: for example, given the
nodal displacement of each tetrahedral element, the elemental stress vector o,
deformation vector € and volume Q (eq. (249)) can be evaluated to determine
the internal elastic strain energy U distribution and to visualise its propagation
inside the ball and the socket volumes as reported in the Figure 109.
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2m -

Figure 109 Elastic strain energy of the EHL simulation by the FEM model

2.4.3. Rectangular Mixed Lubrication and BEM deformation

Finally, the results about the ML solver devoted to the simulations of
rectangular tribo-systems considered as elastic half-spaces are presented. Also
in this case the input time evolution of approach and sliding velocities are
supplied to the solver, so let recall in (358) the discretised Reynolds residual
in cartesian coordinates F previously given in (305) together with the gap
equation accounting for the half-space BEM compliance matrix K and the ML
residual G obtained with the sigmoid transition function 0 in (351).

hlzzKI]p]+gI_6
J

elD,p; — DIu, — DIw; —dfv, 2<ij<NM-1 (358)
Fi(p) = { P1j, Pnj 1<j<M
Pi1, Pim 2<isN-1
Gi(p) = 6/F1(p) + (1 — Oph(p) =0
Then, the G residual local derivative for the non-linear Jacobi iteration is
given in (359) considering the sigmoid derivative of (352) and the Reynolds
residual one of (307).
0G; a6 JF;
3Py (p) = ah, Koo(FI(p) hl(p)) + 6; ap; (p) + (1 — 68Ky (359)
Finally, the iterative Jacobi loop solving the presented ML problem is
reported in (360) together with the cavitation constraint pressure truncation.
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while Z|p}‘+1 — pf| > tol
1

P’ = p* — 0 G(p*¥) @ g, (p*) » P**! = max{0,p*}
k->k+1

end
Before treating a case with rough surfaces, let use the model to analyse a

ball-on-plane configuration, i.e., a sphere of radius R pushing against a plane
sliding along only the x direction with the velocity Uy (simulation data
reported in the Table 3): in the Figure 110, the ball-on-plane coupling is shown
together with the time evolution of the input approach 6 and of the sliding
velocities Uy and U,,.

(360)

Table 4 Ball-on-plane input data for the ML simulation

Data
Ball radius R 1cm
Plane sides Ly, L, 2cm
Plane Young modulus E, 1 GPa
Plane Poisson ratio v, 0.4
Ball Young modulus Ey, 1 GPa
Ball Poisson ratio vy, 0.4
Barus exponent o 19.8 GPa™!
Lubricant nominal viscosity [, 1Pas

Dowson-Higginson coefficientc 5.9 - 108 Pa
Dowson-Higginson coefficienty  1.34

Lubricant nominal density pg 850 kgm™3
Boundary limit Ay 107*R

Wear factor Kk, 1077 mm3N~1m™1
Dry friction coefficient . 0.2

2D mesh points 27 x 27

Time vector length 60

Dimensionless pressure tolerance 1075

Relaxation w 0.01
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Figure 110 Ball-on-plane relative motion for the ML simulation

For the given operating conditions (the approach starting from the distance
equal to the ball radius and pushing up to a tenth of its radius in 1 s towards
the plane sliding at 1 ms™1) the resulting pressure p and gap h fields are
reported in the Figure 111 at the end of the analysed time period: it can be
seen that the hard ball approaching constrains the gap to close in the domain
central part where the contact pressure rise shows the classical bell shape,
while the surrounding fluid pressure is negligible with respect to the contact

one.
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Figure 111 Pressure and gap fields of the ML simulation

The time evolution of the minimum gap and the maximum pressure
reached at the interface are depicted in the Figure 112, where it can be seen
when the contact phase occurs, i.e., when the minimum gap goes to zero.
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Figure 112 Minimum gap and maximum pressure of the ML simulation

The shear stresses Ty and T, fields are shown in the Figure 106; from the
eq. (169) it is known how to evaluate the viscous shear stress vector, so, in the
ML regime is necessary to model it also in the contact zones: with reference
to lower surface, in this work a local sliding friction Coulomb law relying on
the dry friction coefficient L. is used and the characterization of the shear
stress vector T over the lubricated and contact zones is managed by the
sigmoid transition function 0 in the eq. (361). In the Figure 113 the dry
contribution of the shear stress along the x direction in the contact area is
dominant (proportional to the contact pressure), while the viscous contribution
is appreciable only along the z direction with an anti-symmetrical behaviour
over the fluid domain.

0 h v 1-6 v 361
w(x 0 =0 (=5 V0 +up) + (1= (ep ) (361)

t=1s

Shear stress T Shear stress T

0.01 <001

Figure 113 Shear stress fields of the ML simulation

The surface integration of the pressure and shear stresses fields leads to the
evaluation of the load N and friction forces Ty and T, time evolution reported
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in the Figure 114: basically, the only friction force felt by the lower surface is
the x one.

Load
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Figure 114 Load and friction forces of the ML simulation

The surface wear w at the end of the analysed time period is shown in the
Figure 115 together with the time evolution of the wear volume V and of the
Real Contact Area fraction RCA, where the latter can be easily obtained by the
sigmoid 0 in (362); it can be seen that the RCA reaches a stationary value of
about 7.7 %, while the wear volume V increases almost linearly due to
constant sliding motion.

1
LyL,
Q

RCA(t) = (1-6(x,t)dA (362)
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Figure 115 Wear and Real Contact Area of the ML simulation

Finally, the visualization of the fluid/contact pressure distribution can be
obtained by the Figure 116 in which the deformed surfaces at the end of the
time period are reported, together with a section view along the sliding
direction at z = 0.
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Figure 116 Deformed surfaces and pressure distribution of the ML simulation
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In order to test the capability of the developed model to handle the ML
regime that could move towards a full film EHL mode in response to a
variation of the input data, now the results about the same ball-on-plane tribo-
system with the same input data, except for a higher sliding velocity Uy (from
1ms™! to 10 ms™?) and a higher nominal viscosity po (from 1Pas to
10 Pa s): the combined action between the more intense relative motion and
the more viscous lubricant should produce a full surface separation.

The pressure p and gap fields h depicted in the Figure 117 resulted to be
very similar in shape to the previous case, but, even if is not clear yet, the EHL
mode takes place: the surfaces are fully separated even in the highly deformed
zones, but the minimum film thickness at the meatus outlet is barely visible.

t=1s
Pressure p Gaph

0005 0

0005 <

x [m]

Figure 117 Pressure and gap fields of the ML-EHL simulation

The above is more clearly appreciable in the Figure 118, where the pressure
and gap fields at the section z = 0 along the sliding direction are reported:
while the EHL pressure spike is not appreciable for the chosen input data, a
zoom on the gap allows to see the minimum film thickness at the meatus
outlet; the Hamrock-Dowson empirical minimum film thickness h,y;,, and also
the central one h. (Hamrock and Dowson, 1976; Lubrecht, Venner and Colin,
2009), i.e., the gap where the deformed surfaces are nearly parallel, are given
in the eq. (363) and they are included in the graph in order to appreciate the
reliability of the developed solver.

1 1 1 1 1-vi 1-V§

Ry Ry R E Ey, 6Ep
hmin IJ-OUX ' w —073
= 3.63(2aE" -49( ) ( ) 1— e 08K 363)
R, CEY"2ER) \ZER (1 - e7%) (
h, 1o Uy 67 W \—067
— = 2.69(2aE" -53( ) ( ) 1-0.61e™73k
R, @aEY"2er.) \ZERz ( e™ ")
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Figure 118 Pressure and gap along the sliding direction of the ML-EHL
simulation

The viscous shear stresses field resulting from the full surface separation
are reported in the Figure 119.

Shear stress 7 Shear stress 7,
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Figure 119 Shear stresses of the ML-EHL simulation

Then, the integration of the pressure and of shear stresses leads to the load
and the friction forces depicted in the Figure 120, where similar trends can be
seen with respect to the previous case, but it is evident a more smoother
friction force increase.
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Figure 120 Load and friction forces of the ML-EHL simulation

Finally, the deformed surfaces together with the section z = 0 and the
pressure distribution are given in the Figure 121 at the end of the simulated
time period.
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Figure 121 Deformed surfaces and pressure distribution of the ML-EHL
simulation

Once verified the adaptability of the model to both the ML and the EHL
regimes, let now discuss a case with roughness: in particular, the analysed
tribo-system is composed by a rough surface pushing against a sliding plane.
The input data are the same of the Table 3, but the upper surface is generated
through the previously described RMP algorithm with a Hurst exponent H =
0.8, while realising an arithmetical roughness R, = 1.6 mm calculated from
the generated profile r(x) with mean ry, as follows in the eq. (364) and a peak
height M = 1.15 cm; for this simulation the boundary limit is chosen as A, =
107*R,.
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1 1
I'm = LL f rx)dA - R, = mflr(x) — 1yl dA (364)
Q 0

The tribo-system is shown in the Figure 122 together with the input
approach & and sliding velocities Uy and U,, where the former starts from an
initial distance equal to the rough surface peak and pushes towards the plane
until the half of its peak, while the sliding occurs only along the x direction
with a constant velocity of Uy = 1 ms™1.
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Figure 122 Tribo-system relative motion for the rough ML simulation

The resulting pressure and gap fields are reported in the Figure 123 at the
end of the simulated time domain.
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Figure 123 Pressure and gap fields of the rough ML simulation

In the Figure 124 the maximum pressure and the minimum gap time
evolution are reported, where the dynamics of the tribo-system can be
evaluated and the contact phase can be located along the time.
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Figure 124 Minimum gap and maximum pressure of the rough ML simulation

The worn surface can be visualised together with the associated wear
volume and the RCA in the Figure 125: the RCA shows some localised peaks
probably due to suddenly occurring asperities contact that, subsequently, wear
out (as demonstrated by the contemporary wear volume velocity increase), so
the RCA trend settles around the 1.2 %.
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Figure 125 Wear and Real Contact Area of the rough ML simulation
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The obtained small RCA at the end of the simulated time is better visible
in the Figure 126 reporting the deformed surfaces, the fluid/contact pressure
distribution and the deformed section at z = 0.
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Figure 126 Deformed surfaces and pressure distribution of the rough ML
simulation

In order to discuss about the role of the lubricant in the analysed ML regime
establishing in the rough configuration, the same simulation for the same
tribo-system is repeated in absence of fluid, i.e., with the DCM solver, and the
results are compared; the DCM solver for a given approach and sliding
velocity is obtained by simply set to zero the transition function 0 all over the
domain: in that way, the set of equations G drives the pressure (being only the
contact one) to rise in the closed gap zones, while the cavitation constraint
truncation will set to zero the pressure in the open gap ones respecting the
LCCs.

First of all, the deformed surfaces are visualised in the Figure 127: it is
evident that, in order to reproduce a pressure field similar to the ML case, the
DCM regime has to demonstrate a larger RCA, in this case of about 14 %.
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Figure 127 Deformed surfaces and pressure distribution of the DCM rough
simulation

The DCM maximum pressure over the contact domain resulted to be
slightly higher than the one shown by the ML case, while the minimum gap
trend is basically identical, as reported in the Figure 128.
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Figure 128 Minimum gap and maximum pressure of the rough ML-DCM
comparison

While the DCM maximum pressure is higher than the ML one, the
resulting load obtained by the pressure integration results to be slightly lower:
this behaviour can be due to the fact that the ML pressure is composed by also
a fluid contribution existing in the remaining lubricated zones, so, for the same
approach 8, a more widespread pressure acting on a larger area turns into a
higher load (of course for the chosen input data) as demonstrated by the Figure
129.
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Figure 129 Load of the rough ML-DCM comparison

With reference to the Figure 130, the DCM RCA is not only higher than
the ML one, but it also shows a smoother and regular increase, without the
previous localised peaks, probably because the wear of the contacting
asperities is not followed by the lubricant filling in the generated space; the
DCM wear volume, even if dealing with the same sliding velocity and with a
similar contact pressure with respect the ML case, is removed from a much
larger contact area, so it is appreciably higher.
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Figure 130 Wear and Real Contact Area of the rough ML-DCM comparison

Finally, the most interesting result (according to the author opinion) is
shown in the Figure 131 reporting the pressure and gap fields for both the
DCM and ML simulations; comparing the results the smoothing behaviour of
the ML regime with respect to the DCM one is appreciable: the presence of
the lubricant with a given viscosity and piezo-viscous rheological behaviour
opens the some DCM closed gap zones imposing there a fluid pressure that
resembles the contact one; this has two main effects:
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e the obvious decrease of the RCA, in this case from 14 % to 1.2
%o,

e the smoothing of both the pressure and the gap fields, where the
former spreads over larger local areas as if the space surrounded
by closed gap zones act like lubricant reservoirs ready to supply
lubricant and fluid support to the imposed normal approach (or
applied load), while the latter in the ML regime it’s like it was
filtered from the DCM configuration because of the effect of a
smoother pressure field that, once convoluted by the Boussinesq
deformation kernel, cuts the shortest wavelengths characterising
the gap shape.

- DCM Presre p [Pa]

0.005 5
- 4
£
5 " 3
2
-0.005
1
-0.01 - ] 0
001 0005 0 0005 001 001 0005 0 0005 001
x [m] x [m]
ML Pressure p [Pa 10° ML Gap h [m <1073
0.01 gum il " 0.01 b h ]
6
0.005 3 0.005 15
E 5 )
=, 0 = 0
N 2 N 3
-0.005 1 -0.005 B
i |
0.01 0 -0.01 - : 0
001 -0005 0 0005 001 2001 0005 0 0005 0.01
x [m] x [m]

Figure 131 Pressure and gap fields of the rough ML-DCM comparison

At this point, all the tribological aspects studied in this work concerning
the ML lubrication simulations were presented. The last topic that was
addressed in this work, and presented in the next section, is the transient
dynamics of the EHL tribo-systems described in the state-space dynamics
form coming from the writing of a system of Differential Algebraic Equations
(DAEs).
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2.5. Transient Elasto-Hydrodynamic Lubrication

In this section, a computational approach to simulate the transient EHL
evolution is presented: it is based on the writing of a unified system of DAEs
composed by the Reynolds, the gap and the load balance governing equations
that is numerically marched over time through its state-space description: this
approach differs substantially from the well-established techniques based on
the nested loop strategy (Venner, 1992; Huang, 2015; Habchi, 2018).

With respect to the THR framework, this developed approach is not related
to a ML possibility, it does not refer to a spherical geometry nor to a 2D
geometry, but it constitutes a preliminary effort to treat the EHL transient state
with a more accurate approach with respect to the simple Backward Euler
finite difference applied to the squeeze term and to numerically couple the
lubrication, the gap and the load equations such that the lubrication states are
simultaneously updated along a dynamic system marching: therefore, this
approach is not ready yet to refer to a THR wear estimation, but, again, it will
be deepened to make it adaptable to implants duration assessment.

Let refer to the 1D line-contact half-space tribo-system reported in the
Figure 132 in which the upper cylinder of radius R is pushed by the means of
the known time-varying applied load per unit length w(t) against a plane
moving with the known time-varying sliding velocity U,(t): the
uncompressible piezo-viscous lubricant will deform the surfaces based on
their elastic mechanical properties (Young moduli E;, E,; and Poisson ratios
vy, V) and the balance between the lubricant pressure force and the applied
load will govern the approach & dynamics affected by the upper profile inertia
given by its mass per unit length m.

Y.
5,6,8
l w(t) Ey vy, m
u(p)
Lx 0 Lx E], Vi X
Uy(©

Figure 132 Line-contact tribo-system

The equations in (365) governing the described configuration are:
e the 1D Reynolds lubrication equations obtained by neglecting the
transverse gradients and accounting for the Barus/Modulus piezo-
viscous model;
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e the 1D gap equation accounting for the Boussinesq convolution,
the undeformed geometrical gap g and the approach §;

¢ the load balance equation accounting for the upper profile inertial
force.

Let note that the transient dynamical behaviour is given by both the
squeeze term in the Reynolds equation and the inertial term in the load balance
one (Almgqvist, Almqvist and Larsson, 2004; Venner and Wijnant, 2005;
Goodyer and Berzins, 2006; Hultqvist, 2020); furthermore, it is worth to
realise that the assembled set of equations governs the dynamics of the
unknown gap h, lubricant pressure p and approach 6 for the given sliding
velocity Uy, and load w time inputs.

) = % i_l—vlz_i_l—vﬁ

Hp) = Kot B E E,
(6<h36p> 1 dh 0oh

ax\1znax) “ 2% Ot ot

p(—Lxt) = p(Ly, ) =0 (365)

Thixt) = ——= jln|x—_z| (& 1) dE + g(x) — ()
T 1TE*ﬂ do LS &

mé + f p(x,t) dx = w(t)
Q
Knowing that the stationary EHL solution is related to the DCM one, the
egs. (365) are scaled with respect to the line-contact analytical Hertz solution
(Hertz, 1882) in (366) as described in the previous chapter, where wy, is a
known nominal load.
4wyR a4 2w,
= | &y = R PH= P (366)
Let scale the involved quantities accordingly, with additions with respect
to the DCM case reported in (367):
e the time is made dimensionless with respect to an unknown
scaling time tg;
e the viscosity is scaled with respect to its nominal value ,;
e the new dimensionless coefficients A and B are defined for the
Barus/Modulus law;
e the dimensionless length Ly is defined as the fraction of the half
domain length with respect to the contact half width.

X t
H H 0
L_ho b dg (367)
_51-1 _51-1 _8H O_aH
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Ly
A=apy B=Bpy Lx=—
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The dimensionless governing equations are given in (368).

AP

M(P) = el1+BP
((Sfputs 0 (H?0P\ © tg 6H+6H
129 0X\ M 90X/ **72aydX = 9T

P(—Ly, T) = P(Ly, T) = 0

(368)
1HEX,T) = —%fln
Q

-
—_
—

P(E,T) dE + G(X) — A(T)

0

zms“ A+ f P(X,T) dX = —— w(t)
(tsPHAH 2wy

The scaling time tg is found by imposing the dimensionless group in the
load balance equation as unitary, while the remaining dimensionless group in
the Reynolds equation is defined as A; furthermore, the dimensionless sliding
velocity o and load W are given in (369).

o= 2m _ S%IPHts o= Uxt_s — Tw
s E* 12p9a% 2ay 2wy
( 0 (H30P 0H 0H
ﬁ(ﬁ&) =oMax*ar
P(—Ly, T) = P(Ly, T) = 0 (369)

-
-
—

P(E,T) dE + G(X) — A(T)

0

1
{HX,T) = —Efln
Q

A+ f P(X, T)dX = W(T)
\ Q

2.5.1. Spatial discretization and state-space formulation

Let spatially discretize the equations according to the 1D x-grid reported
in (370) dealing with the spatial i index defining N discrete points with
uniform spacing AX.

i=0,..,N—1 AX=-—0 Xj=—Ly+IiX (370)

The FDM discretization of the Reynolds equation (LeVeque, 2007)
requires the usual stencil version of the general discrete field y;, given by the
vector Yy, and the backward/forward mean and derivatives vector operators,
i.e., m_, m,, dy- and dy+, reported in (371).

yx = [Vi-1 ¥i Vi+1]T (371)
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Let recall in (372) the second order like [3,3] derivative matrix D,y and
the first order derivative vector dy considering the upwind scheme for the
Couette convective term.

T T
m+dX+ - m_dX— dx— G(T) >0
= = 372
D2x AX dx {dx+ o(T) <0 (372)
Then, the FDM discrete Reynolds equation is given in (373).
JH;
H3 T — T i
E= N }\EXDZXPX O'(T)dxHX + _()T (373)

M Po(T) = Py_y(T) = 0

The Boussinesq convolution in the gap equation is discretised with the
BEM (Johnson, 1987) (and evaluated with the FFT approach (Wang ef al.,
2003)) providing the compliance kernel matrix Kj; given in (374).

AX AX
(Xi—Xj+7)<ln|Xi—X]‘+7|—1)+"'
A

Kij = —= AX X
.. — AX(In|Dgy| + 1)
Then, the discretised gap equation is reported in (375) where the i row of
the kernel Kj; is denoted by the vector K.
H;(T) = KTP(T) + G; — A(T) (375)
Finally, the load balance equation is given in (376) where the lubricant
pressure integral is provided by the trapezoidal integration vector ty.

(374)

1 11T .
tX=AX[E 1 - 1 E] - A4 tIP(T) = W(T) (376)

The (2N + 1) discrete equations governing the EHL of line-contact tribo-
systems are resumed in (377) in the N pressure values, N gap values and 1
approach value unknowns.

T T ) i
)\EXDZXPX = G(T)dxHX + aT

Po(T) = Py—1(T) =0 377)

H;(T) = K{P(T) + G; — A(T)

A+ t{P(T) = W(T)

Let defining in (378) the fluid dynamics function F; devoted to the
surfaces’ lubrication, the solid mechanics function S; devoted to the surfaces’
deformation and the load function L devoted to the tribo-system normal
equilibrium.
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(mmxmjj=p§Dﬁm‘°@M?k
Po, Pn-1

S;(H;,P,A) =H; —K[P —G; + A

L(P,T) = W(T) — t}P

Substituting the (378) in (377), the 1D EHL DAE system in vector form is
given in (379), where:

- the fluid function F governs the dynamics of the gap H differential
variable (the [N, N] identity matrix Iy is introduced in order to respect
the algebraic equations devoted the null lubricant pressure boundary
conditions);

- the solid function S governs the dynamics of the pressure P algebraic
variable;

- the load function L governs the dynamics of the approach A
differential variable.

The obtained DAE system is semi-explicit and has index 1 (Wanner and
Hairer, 1996), meaning that the algebraic equations have to be differentiated
once to obtain the algebraic variable derivative and, as a consequence, a
system of Ordinary Differential Equations (ODEs).

T

(378)

Iy = (379)

: (’) N 1 : 0 = S(H,P,A)
L) i OJ A=1(PT)
Let write the (379) in the space-state form in (380), defining the states
vector u composed by the gap H, the pressure P, the approach A and the
approach velocity A, the fluid-solid-load source function of the states and of
the time ® and the singular identity matrix C identifying the differential

equations and the algebraic ones: the obtained system is now a singular ODE
set (Wanner and Hairer, 1996).

Iy 0 0 0 Hy [F(HPT)

0 0 0 0|0 |pl_|SHPA) -
0T o7 1 o|aT|A| | A Ca=®(,T) (380)
oT oT 0 1 A L(P,T)

Let find in (381) the fluid-solid-load functions in (378) derivatives with
respect to the states.

JE

JF; TRT X T
aHl(H&P&T)={AEJhX0Hx o(D)dx

’ 0 JE

. X
9 i by = {A (EED.x + PTDY @) (381)
Py = X
aS; aS; r 0Si oL T
FTA T N T A
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The derivatives in (382) in vector form constitute the Jacobian of the source
function @, i.e., ®,,, with the following structure reported in (382):

e the blocks referred to the fluid function derivatives with respect
to the gap and to the pressure, i.e., Fy and Fp, are [N,N]
tridiagonal matrices;

e the block referred to the solid function derivative with respect to
the gap is the [N, N] identity matrix;

e the block referred to the solid function derivative with respect to
the pressure is the negative kernel compliance matrix K;

e the block referred to the solid function derivative with respect to
the approach is a [N, 1] vector full of ones;

o the block referred to the load function derivative with respect to
the pressure is the negative transposed trapezoidal integration

vector ty.
Fu(H,P,T) Fe(H,P) 0 o
I —K
e@D=| o o (382)
0T —tf 0 0

Before proceeding with the transient simulative formulation of the
assembled DAE system, let realise the computational advantages of the state-
space approach even in the stationary case: the EHL stationarity in
correspondence of a feasible time instant T* is given by switching off the
squeeze term in the Reynolds equation and the inertial term in the load balance
equation, i.e., by switching off the states u time derivative, leading to the non-
linear system of equations reported in (383) represented by the source function
D,

®(u,T*)=0 (383)

The stationary 1D EHL problem in (383) can be solved with the Newton
iterative method (damped by the relaxation factor w) in (384) by updating
simultaneously the states u avoiding the expensive and possibly unstable
nested loop strategy; the main computational difficulty stays in the Jacobian
block related to the solid function derivative with respect to the pressure, i.e.,
the full dense compliance matrix K (easy to assemble due to its Toeplitz form,
but giving troubles during the Jacobian ®,, inversion): in order to overcome
that issue, in this work this sub-block is replaced by its diagonal form, since,
as explained during the BEM formulation, the main diagonal of K is composed
by the maximum value of the kernel matrix Ky, providing the major
contribution to the solid function S variation in response to the lubricant
pressure P one; basically, it is a computational strategy that adopts the faster
local Jacobi approach in correspondence of the solid function variation with
respect to the pressure, while keeping the more robust Newton update
elsewhere. It is worth to note that the most useful starting state trial is the one
referred to the stationary DCM solution (explained in the related chapter),
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since it is the solution closest to the stationary EHL one. The structure of the
mostly diagonal Jacobian is reported in the Figure 133.

Fy(H,P,T) Fp(HP) ¢ o

) I —Kool 1 0
Loy T) =
u(u T 0T oT 01 (384)
o' —tf 0 0
uletd) = @ — u(u(k),T*)]_ld)(u(k),T*)
0 T T T T T T T
; i R@ED) i.:E:. Fo(H,P) |1
CI A B
15} et ‘:::ii
20+ .o i .u ::E
‘e I ! o —Kel 11
25| '.. i '.. EEE
30 .o i .- i:i
_________________ B I+ S 1111
S jeessseesias _oi_‘t_._i:_:__

0 5 1I0 15 20 25 30 35
Figure 133 1D EHL source function Jacobian

The same computational strategy is adopted in the context of the transient
EHL simulation; first of all, the singular ODE system in (380) has to be
coupled with the states Initial Conditions (ICs) ugy: in a system of DAEs the
ICs have to respect the algebraic equations at the initial instant T = 0 in order
to achieve numerical consistency (Wanner and Hairer, 1996); in this case, the
algebraic constraints are the null lubricant pressure at the boundaries and the
gap equation reported in (385).

H(0)
Py(0) = Py_1(0) =0 _ PO Cua=®(u,T)
{S(H(O),P(O),A(O)) =0 ~ " T|ao]| {u(O) =u (385)
A0)

In order to respect the EHL DAE system consistency, the ICs uy can be of
two types reported in (386):
e therest ICs u, given by zero pressure, a chosen starting approach
Ay and a null approach velocity;
e the stationary ICs ug coming from a steady-state phase, respecting
then, by definition, the algebraic constraints.
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G— A,
0
Ao
0

u, = ®(ug,0) =0 (386)

2.5.2. Time discretization and DAE marching

Let proceed now to the time discretization to start the time marching,
noting that, until now, the time derivative operator was a simple Backward
Euler finite difference applied to the Reynolds equation squeeze term; in this
work the multi-stage Runge-Kutta marching methods are chosen (Wanner and
Hairer, 1996; LeVeque, 2007). The uniform time grid is given in (387) by the
temporal index n, the uniform step size AT and the discrete instants T",
together with the general s-stages Runge-Kutta intermediary steps u™*¢ and
the solution one u™**: the Runge-Kutta method divides the time step AT in s
nodes c; in which the solution u derivative is assumed to be a linear
combination of the source function @ evaluated in that intermediary nodes
through the coefficients aj;, then it evaluates the solution derivative around the
whole time step by averaging the intermediary stages source function with the
weights b;.

Lt N
n=20,...M—-1 AT:M—l T" = nAT
S
un+ci _ uIl
C—= Z SD(utts, TN AT i=1,..,
AT 2, a;®(u +GAT) i s (387)
]:
uttl — gt S
c— — - Z b, ® (Ui, T 4 ¢,AT)
AT i

Let focus on the s intermediary stages: due to the impossibility to invert
the singular matrix C, only the Implicit Runge-Kutta (IRK) methods can be
used in the context of DAE simulations, meaning that the Runge-Kutta
coefficients aj; matrix cannot be lower triangular with zero main diagonal, i.e.,
an explicit Runge-Kutta method: then, the two possible solutions are
represented by the general full IRKs and by the Diagonal IRKs (DIRKs)
reported in the Table 4 in their Butcher tableau form (Alexander, 1977,
Kennedy and Carpenter, 2016).

Table 5 Full and Diagonal IRK tableaus
Full IRK Diagonal IRK
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C1 | A11 ajj dis C1 | A11

Ci djq djj djs Ci aj1 ajj

Cs | As1 Asj Ass Cs | As1 Asi Ass
b, b; bs b, b; bs

Starting from the full IRK case, due to the dense Runge-Kutta coefficients
aj; matrix, the intermediary stages have to be solved at once: defining as x the
unknown vector composed by the intermediary stage increments X; from the
previous states u”, the s(2N + 2) long set of equations f, composed by the
intermediary residuals f; to be simultaneously solved, is reported in (388).

X = [xi =u"ta — u“]

I (388)
fx) = |fix) = Cﬁ - Z a;®@(x; + u™, T" + AT)[ = 0
=1

The solution of (388) can be obtained by the Newton method relying on
the Jacobian fy, which is assembled by its subblocks reported in (389)
accounting for the Kronecker delta 8;; and the source function Jacobian ®,,.

afl 1 n n
a—X]_(X) = CESH — a;®Py(x; + u, T + ¢AT)

foo= |- B (389)

&+ — () _ w[fx(x(k))]_lf(x(k))

The inversion of the big [s(2N + 2),s(2N + 2)] Jacobian matrix f, can be
avoided in the case of a DIRK method: the triangularity of the Runge-Kutta
coefficients aj; matrix allows to split the f simultaneous problem into the f;
sequential problems with size (2N + 2) in the unknown current stage
increment X;, since the previous stages Xj<; are already solved and the
coefficients ajj; are zero; the DIRK intermediary stage is reported in (390),
together with the related Newton solver.

un+ci _—nh !

u .
cT = z ay@(u™*9, T" + ¢AT) (390)
j=1

167



Chapter 2
i
f; (Xl) AT - z ai]-CD(x]- + un,Tn + C]AT)
j=1
afi ( )=C 1
Xi) = AT

xHD = 0 w[ (k))] 1fi (Xi(k))

Let move to the solutlon stage which explicitly provides the new states
u™?! by the previously described weighted sum: also in this case, the
invertibility of the singular matrix C does not allow to proceed, unless the
following two conditions are met.

The first condition is verified when the Runge-Kutta coefficients a;; matrix
is non-singular: in that case the intermediary stage can be inverted by
introducing in (391) the inverse of ajj, i.e., wjj, to evaluate the source function
® in the i node as a linear combination of the states u derivatives on all the

intermediary nodes (Wanner and Hairer, 1996).
S

- aiid)u(xi + un,Tn + CiAT)

un+ci _

u” .
C—— = Z ay®(u™9, T" + ¢AT)
J=1 (391)

uts — ll

Z w;;C = @t T" + ¢;AT)

Then, the found source function in the i node can be substituted in the
explicit step in (392) allowing to simplify the singular matrix C and the time
step AT.

n+1

ul —u uC — "
Car :Zbizwﬁc AT

S S
un+1 _ un — z <Z biwij) (un+cj _ un)
j=1 \i=1

The remaining summation in parenthesis is defined as a new set of weights
d; obtained in (393) from the inversion of the non-singular Runge-Kutta
coefficients matrix A and the original weights vector b.

(392)

d] = Zbl(k)u il dT = bTAA_1 (393)

At this point, the IRK explicit step allows to evaluate the next states u™*?

as the simple linear combination of the intermediary stages increment
(Wanner and Hairer, 1996) given in (394).
S

utl =y + z djx; (394)
=1

168



Tribology

The second condition is met when the last row of the Runge-Kutta
coefficients matrix A is equal to the weights vector b: in this case, the next
states u"*! actually are the last intermediary stage; in fact, due to the Runge-
Kutta method consistency, the sum of the matrix A rows has to be equal to the
nodes vector ¢ and, of course, the sum of the weights b has to be unitary,
meaning that a so-called stiffly accurate method last node corresponds to the
new time instant (Wanner and Hairer, 1996). In the Table 5, the structure of a
stiffly accurate IRK tableau is reported. The advantage of a stiffly accurate
IRK method for DAE simulations stays in the possibility to impose the
algebraic equations exactly on the used time grid discrete instants.

Table 6 Stiffly accurate IRK tableau

Ci|a11 - Q15 v Ags
G | a1 A s
1 |b; - by - b

b1 bi bs

In the stiffly accurate case, the new step can be evaluated as reported in
(395).

u™?l =u" + x (395)

The (395) simplification can be adopted whether the Runge-Kutta matrix

A is singular or not: the class of IRKs that can be adopted in this context with

a singular A matrix is characterised by stiffly accurate methods with a null

first row of A, for both the full and the diagonal IRKs reported in the Table 6.

Table 7 Stiffly accurate full and diagonal IRKs tableaus with singular
Runge-Kutta matrix

Full IRK Diagonal IRK
0lo e 0 - 0 010
G |air - 3 o Qs G | aix " &y
1|b; - by - by 1 |b; - by - bg
b, -+ by - b b, - b; - b

It is worth to note that, due to the method consistency, a null first row of A
leads to a zero first node, meaning that the first stage actually is the previous
states vector u", so the first intermediary stage increment is a zero vector as
reported in (396).

x; =0 (396)
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A last note about the singular IRKs with full tableau is given: in this case,
once set to zero the first intermediary stage increment X4, the simultaneous
problem f reported in (388) can be reduced to the last (s — 1) intermediary
stages, reducing the size of the problem to (s — 1) (2N + 2).

Before resuming all the feasible IRKs able to march the transient EHL
problem in its DAE form, the following DIRK properties are discussed. The
stiffness and the numerical burden of the DAE systems computation could
provide instabilities during the marching that can be addressed with DIRK
methods showing two particular characteristics (the related tableaus are
reported in the Table 7):

e the first one is represented by the Runge-Kutta matrix with a
constant element y on the main diagonal; the so-called Singly
Diagonally IRKs (SDIRKs) are very useful when the f; Jacobian
is not assembled at each iteration, but it is assumed to be constant
along a chosen number of iterations, leading to the possibility to
factorizing it less frequently (Alexander, 1977; Kennedy and
Carpenter, 2016);

e the second one is represented by singular SDIRKSs (so with null
first row and a single element on the main diagonal, while stiffly
accurate) with a Crank-Nicolson-like second intermediary stage;
due the explicit first stage zero setting, these are called Explicit
SDIRKs (ESDIRKSs) and a huge research is given in literature
because of their stability properties (Kvaerng, 2004).

Table 8 SDIRK and ESDIRK tableaus

SDIRK ESDIRK
0 |0
?’ y 2y |y vy
G | aj ' ' :
! :11 Y Ci ajp ajz Y
G lag ag ey |y
1
b, b; bs by b, - b - ¥y

An ESDIRK with different elements on the main diagonal is simply
indicated as EDIRK; a famous stiffly accurate EDIRK in the context of both
the ODE and DAE simulation is the TRapezoidal-Backward Differentiation
Formula with second order accuracy (TR-BDF2) reported in (397) for an ODE
system (Wanner and Hairer, 1996; LeVeque, 2007) (so without the singular
matrix C): going from the previous time n to the next one (n + 1), the TR-
BDF2 executes a Crank-Nicolson step between n and the step mid-point,
followed by a BDF2 at the next step involving the three nodes, i.e., n, the mid-
point and (n + 1).
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(un+1/2 —u®
AT/2
3un+1 _ 4un+1/2 +ul

AT
Evaluating u"*1/2 from the Crank-Nicolson step and substituting it in the
BDF?2 one, leads to the Runge-Kutta form of the TR-BDF2 reported in (398).

1
=3 [@(u?, T") 4+ @ (u"*1/2, T + AT/2)]

(397)
= ®(u"L, T + AT)

un+1/2 —um 1 1
AT = Zc1>(u“,T“) + Zcb(u“+1/2,Tn + AT/2)
n+1 _ 4N 1
% = SO, + - (398)

1 1
.t §<1>(un+1/2, T" + AT/2) + §<1>(un+1, T™ + AT)

The tableau related to the (398) is given in the Table 8, revealing the stiffly
accurate EDIRK nature of the TR-BDF2 multi-stage method.

Table 9 TR-BDF?2 EDIRK tableau

0
1/2 | 1/4 1/4
1 |1/3 1/3 1/3

11/3 1/3 1/3

Resuming, all the IRK methods feasible to solve the 1D EHL DAE system
are reported: the Tables 9-14 collect the general, stiffly accurate and singular
methods tableaus for both the IRKs and the DIRKs, highlighting the related
stage number s and accuracy order p (Alexander, 1977; Wanner and Hairer,
1996; Kvarng, 2004; LeVeque, 2007; Ying, Henriquez and Rose, 2009;
Kennedy and Carpenter, 2016).

Table 10 Full IRKs

Name Stage number s  Accuracy order p
Gauss-Legendre 2 4
Gauss-Legendre 3 6
Radau A 2 3
Radau TA 3 5

Table 11 Stiffly accurate full IRKs

Name Stage number s Accuracy order p
Lobatto IIIC 2 2
Lobatto IIIC 3 4
Lobatto IIIC 4 6
Radau ITA 2 3
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Radau ITIA 3 5

Table 12 Singular stiffly accurate full IRKs

Name Stage number s Accuracy order p
Lobatto IIA 2 2
Lobatto IIA 3 4

Table 13 DIRKs

Name Stage number s Accuracy order p
Implicit midpoint 1 2
Kraaijevanger-Spijker 2 2
Qin-Zhang 2 2
Pareschi-Russo 2 2
Crouzeix 2 3
Crouzeix 3 4

Table 14 Stiffly accurate DIRKs
Name Stage number s Accuracy order p
Backward Euler 1 1
IM-CBDF2 2 2
IM-CBDF3 3 3
SDIRK 4 3

Table 15 Singular stiffly accurate DIRKs
Name Stage number s Accuracy order p
Crank-Nicolson 2 2
TR-BDF2 3 2
TR-CBDF2 3 2
TR-CBDF3 4 3

2.5.3. Stationary simulation

In the following, the conducted simulations are presented: the input were
selected from the Hamrock-Dowson EHL dimensionless parameters of
material G¥, velocity U* and load W* reported in (399), that will be useful also
to have a benchmark to compare with the stationary minimum and central film

thickness h,;, and h, (Dowson, 1967).

HoUg Wy
G =208 U'=70r W =2ER
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=x

min =265 G*O.54U*O.7W*—0.13

=3.06 G*O.56U*0.69W*—0.1

For a given lubricant and tribo-system materials and geometry, i.e., fixed
a, Ko, E* and R, the nominal load w, and the nominal velocity U, are extracted
from the related dimensionless parameters in (400): they will be used to
characterize the time-varying inputs supplying the state-space EHL problem,
i.e., the dimensionless load W(T) and sliding velocity o(T).
wy = QE'R)W* Uy = (4E R) u*
0
W(T) Ca=®(u,T)
om  {u® =, u
Let start by validating the stationary EHL simulation with respect to the
DCM one and to the empirical Hamrock-Dowson benchmarks: the DCM
solver based on the variational principle (Tian and Bhushan, 1996) and the
stationary EHL one given by the zeros of the source function @ are reported
in (401), while the input data are collected in the Table 15.

=| &

(400)

i 1PTKP+GTP T A
R 28X

P>0 H>0 PoH=0 PWuT)=0

o
tyP = -
X2

Table 16 Stationary 1D EHL simulation input data

Data
Cylinder radius R 1cm
Cylinder mass m 1kgm™!
Plane Young modulus E; 210 GPa
Plane Poisson ratio v; 0.3
Cylinder Young modulus E, 210 GPa
Cylinder Poisson ratio v 0.3
Lubricant nominal viscosity g 1Pas
Barus exponent o 21.9 GPa™!
Modulus coefficient 3 1.59 GPa™!
Hamrock-Dowson load parameter W* 43-1073
Hamrock-Dowson velocity parameter U*  2.17 - 10710
Domain half length Ly 3.1 mm
Grid points number N 2°
Relaxation factor w 1072
Tolerance tol 10°°

(401)
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First of all, the resulting gap-pressure shapes are depicted in the Figure
134: it can be verified that both the DCM and the EHL shapes insist on the
contact area with half width ay; and the dimensionless peak pressure is unitary,
meaning that its dimensional value is equal to the Hertzian pressure py; the
EHL pressure shape overlaps to the DCM one, while clearly showing the
pressure spike at the meatus outlet and the consequent pressure drop in order
to keep the line integral to respect the load balance; the EHL gap shape clearly
demonstrates the minimum film thickness at the meatus outlet at the same
height of the Hamrock-Dowson empirical one, providing the same matching
that can be retrieved for the central film thickness.

025 EHL vs DCM

T 1
DCI
Huin | [ 09

02! DCM X

015

HX)

01

0.05

1 . 0
-1.5 -1 -0.5 0 0.5 1 1.5
X

Figure 134 Stationary EHL-DCM gap and pressure shapes

The deformed surfaces for both the EHL and DCM simulations are shown
in the Figure 135: due to the analogy between the two tribological modes, the
shapes of the deformed surfaces are very similar.

Deformed profiles
EHL

—= P}

2(x)
o = N w & o

P
4 [—=pwt|

Figure 135 Stationary EHL-DCM deformed surfaces
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An interesting EHL output is represented by the lubricant flow velocity
field u and the consequent lubricant shear stress T reported in the eq. (402).

1 dp y
Gy, t) = —5-=—(hy —y2) + Uy (1 -3)
2u 0% h (402)
du 1dp Uy
(xy, 0 = Ha—y = —E&(h— 2y) — ny

In their dimensionless form, respectively, U and Ty, the (402) fields are
given in (403) scaling the normal coordinate y with the Hertzian approach &y.

t, 3\0P ) Y
IKXYJj—uZM{——MﬁiGW—Y)+o<1—ﬁ>

T 8H tS }\aP (¢
vXY,T)=r1 o Zan 3 aX(H 2Y) MH
The lubricant flow and shear stress fields related to the stationary EHL
simulations are depicted in the Figure 136, overlapped to the gap-pressure
shapes: the fluid carried by the moving plane and constrained to flow across
the highly deformed narrow gap generates a high shear stress.

(403)

0.1

0.08

P(X)

P(X)

15 4 05 0 05 1 15
X

Figure 136 Stationary EHL flow velocity and shear stress

2.5.4. Transient simulation

Given the good results of the stationary simulation, let move to the
transient ones.
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2.5.4.1. Step inputs

First, the constant loading and sliding inputs from rest ICs simulation is
conducted: with reference to (404), the constant inputs come from the
Hamrock-Dowson parameters in the Table 15, while the rest ICs are
characterised by a negative unitary initial approach Ay; the time period Lt
simulated is chosen to be 2000 times the scaling time tg in order to evaluate
the transient dynamics extinction towards the stationary phase, where the
comparison with respect to the Hamrock-Dowson empirical benchmark can
be performed, while the marching is executed with the 4-stage SDIRK in the
Table 13 on a time grid with M = 100 points.

G+11  wm ==X
0 (M =5

-1 ts
T) =
0 o(T) ZaHUO

The states time evolution of the described simulation is depicted in the
Figure 137: starting from the rest conditions and for constant inputs, the
applied load imposes a fast increase of the approach A which reaches its
stationary value after the transient; the approach dynamics leads the surfaces
to come close fast, generating a lubricant pressure P bump which travels along
the sliding direction and turns into the stationary EHL pressure shape with the
exit spike; the generated wave has the analogous effect on the gap H which
shows a decreasing socket of lubricant moving towards the meatus outlet, so
that the establishing central film thickness turns into the minimum gap at the
meatus outlet once reached the stationary phase.

States

Uy =u, = (404)

St il e s 1 L

- M B St S i LA | Rl e bk Sl s el ! s — .01
0 200 400 600 800 1000 1200 1400 1600 1800 2000

T

Figure 137 Constant inputs simulation states
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The very interesting wave characteristic of the transient EHL simulation
for constant inputs can be verified in the Figure 138 showing the minimum
film thickness time evolution for all the IRKs demonstrating convergence up
to a maximum time points M equal to 500: it is evident the minimum film
thickness evolution towards the empirical Hamrock-Dowson central gap,
turning into the minimum one after the transient phase; no IRK with full
Runge-Kutta matrix A worked, while the majority of the DIRKs did, showing
instabilities at the very initial transient phase for the IM-CBDF2 and the IM-
CBDF3 and a little delay for the Kraaijevanger-Spijker and the Backward
Euler. Anyway, all the functioning IRKs demonstrate the reaching of the
stationary phase with the same characteristics described for the steady-state
simulation, revealing the reliability of the developed code justified by the
comparison with respect to the empirical Hamrock-Dowson benchmark.

B e Ee e —

|— — —Humin

i g |
Kraaijevanger-Spijker s2p2 M=500 |
Backward Euler s1p1 M=300 |
IM-CBDF2 s2p2 M=100

IM-CBDF3 s3p3 M=100

SDIRK s4p3 M=100

TR-BDF2 s3p2 M=100

TR-CBDF2 s3p2 M=100
TR-CBDF3 s4p3 M=200

Hoin(T)
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Figure 138 Minimum gap for converging IRKs vs Hamrock-Dowson

2.5.4.2. Pure squeeze

Further interesting lubrication contexts can be simulated: the next one is
the pure squeeze lubrication obtained with the same input data reported in the
Table 15, from the same rest ICs, same DIRK method and same the constant
inputs simulation but with a null sliding velocity (eq. (405)).

L
W(T) = 3 o(T)=0 (405)

The Figure 139 reports the states evolution during the pure squeeze
simulation: due to the null sliding, the EHL pressure P shape is symmetrical
and it is governed by the constant applied load; then, as demonstrated by the
gap H, the realised lubricant socket tends to decrease, together with the
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symmetrical pressure bell, resulting in the approach A behaviour very similar
to the previous simulation; this time, once the fluid within the highly deformed
zone escapes the meatus, the minimum film thickness will go to zero, since
there is no stationary Iubricant effect in absence of sliding.

States

A(T)
A

| | |
0
0 200 400 8600 800 1000 1200 1400 1600 1800 2000

Figure 139 Pure squeeze simulation states

The lubricant flow escaping the meatus is clearly visualised in the Figure
140 showing the described flow velocity field and the associated anti-
symmetrical shear stress with a closer look at the highly deformed zone.
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Figure 140 Pure squeeze simulation flow and shear stress
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2.5.4.3. Harmonic inputs

Two final interesting applications could be the tribo-system response to
harmonic inputs. Starting from harmonic sliding and constant loading
conditions (4 sliding cycles over the simulation time Lt equal to 10000, as
reported in (406)), the states evolution over time is given in the Figure 141:
with reference to the gap H, the wave travelling back and forth across the
meatus and decaying over time is representative of what happens in fully
lubricated reciprocating tribometer; the pressure P bell, after the initial
transient phase, turns into the classical EHL shape changing its verse based on
the varying sliding direction; the approach A, once the fast initial surface
approaching, demonstrates oscillations with a certain delay with respect to
sliding.

21‘[T) (406)

T t
W(T) = > o(T) = ﬁuo sin (4?
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Figure 141 Harmonic sliding simulation states

Finally, the tribo-system response to a harmonic loading and null sliding
(4 load oscillations around the w, mean value with a fifth half amplitude over
a simulated time Lt equal to 2000, which results are reported in the Figure
142), could be of interest in the context of dynamically loaded bearings, where
it could be useful to analyse the approach A response in terms of amplitude
and phase with respect to the input load; it is interesting to visualise the
symmetrical pressure P bell shape with oscillating magnitude creating little
bumps that travel out from the highly deformed zone.

W(T) = g[l + %sin (4 23—:)] o(T)=0 (407)
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Figure 142 Harmonic loading simulation states

The developed code resulted to be very efficient and adaptable to several
operating conditions, reason why it will be generalised to 3D configuration
and to the compressible lubricant fluid case in future works.

The proposed approach is based on the manuscript produced by the author
(Sicilia and Ruggiero, 2026).
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Conclusions

In this work several numerical strategies to simulate the dynamics of Multi-
Body systems and the tribology of conjugated surfaces were studied,
implemented, tried and improved in the context of biomechanical systems to
estimate the wear of its joints; the main application was referred to the wear
estimation of the hip joint replacement involved in the lower limb
musculoskeletal system moving following a gait cycle, but the presented
developed models and related simulations referred also to rectangular tribo-
systems in both dry and lubricated conditions, where the latter were
characterised in both full-film and mixed regimes.

In the first part of the thesis the Multi-Body formulation adopted to
characterise the inverse dynamics of musculoskeletal system was presented;
in particular, the topics covered were:

e the rigid body kinematics to describe its configuration in the 3D
space, with a focus on its orientation that in this work was
addressed with the unit quaternion;

e the Multi-Body constrained kinematics relying on the writing of
a set of equations that rule the relative motion between the bodies
linked by joints in terms of mobility and constraints, creating a
topology network that relates the Multi-Body system Lagrangian
coordinates to its DoF;

e the characterization of the above joint equations for the coupling
considered in this work, i.e., revolute joint, cam joint, spherical
joint and free joint;

e the Multi-Body dynamics Lagrangian formulation allowing to
obtain the system EoM that, along the inverse dynamics verse, is
a closed linear system in the unknown Lagrange multipliers, i.e.,
generalised forces that acts on the bodies at the joint level in order
to respect instant by instant the joint constraint and mobility
equations;
the characterization of Multi-Body system driving forces as
generated by the muscular system, then, the development of a tool
that uses the muscles attachment points kinematics to link the
generalised driving forces to the real generated muscle forces,



with the possibility to evaluate curved muscle path wrapping
around bony surfaces through a developed geodesic curve
generation algorithm; next, the muscle forces were related to their
activation level through the Hill muscle model considering both
the contractile and the passive force contributions, allowing the
writing of the musculoskeletal Multi-Body system EoM in the
unknowns muscle activations and Lagrange multipliers, wherethe
latter are composed also by the joint reactions playing a
determinant role in the context of the joint tribology;

e the description of the minimization strategy to solve the above
EoM in the redundant unknowns, i.e., the static optimization that
minimizes the system driving effort to follow the selected
kinematics; furthermore, the inverse kinematics minimization
algorithm was introduced to elaborated the Multi-Body system
DoF due to the knowledge of the trajectories of a set of markers
applied to the musculoskeletal system: the latter upgrade allows
the author to have both inverse kinematics and inverse dynamics
solvers, so to obtain a tool that starting from the musculoskeletal
system marker kinematics is able to evaluate its muscle
activations and joint reactions produced during that selected
motion.

The developed Matlab® code was used to evaluate the inverse kinematics
and the inverse dynamics of two musculoskeletal systems, i.e., an upper limb
with 2 DoF and 6 muscles and a lower limb with 23 DoF and 92 muscles
which input data are taken from the open-source OpenSim® software: the
lower limb simulation for the selected gait kinematics provided the time
evolution of the hip joint reactions that were compared to the associated in
vivo loads coming from the Bergmann measurements (Bergmann et al., 2016)
obtaining a good qualitative matching, so the assembled code resulted to be a
reliable generator of tribological inputs, i.e., joint load and relative motion, to
be supplied to a tribological simulator; furthermore, the lower limb system
simulation outputs were compared to the ones obtained by the related
OpenSim® software routine, providing acceptable error metrics with high
correlation coefficients, returning little deviations that can be devoted to
different numerical strategies adopted by the open-source calculator.

Then, the tribological and numerical concepts to simulate the joint
lubrication and contact regimes were addressed, assembling a series of
algorithms differentiating in terms of lubrication regime, deformation models,
numerical solving strategies; in particular:

e the Reynolds lubrication equation, the gap equation and the load
balance equation were introduced in the case of HL mode,
together with the elliptic Reynolds PDE FDM discretization
resulting in the linear algebraic equations set solved by the means
of the Jacobi, Gauss-Seidel and SOR iterative methods;
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then, the same HL FDM discretization was adapted to the
spherical geometry of the hip joint identifying the femoral head
relative motion with respect to the acetabular cup with its
eccentricity and angular velocity vectors; furthermore, the input
of hip loads and angular velocities coming from the Multi-Body
simulation were rotated in the spherical Reynolds equation
reference frame fixed to the acetabular cup;

the adjustments to make the Reynolds lubrication equation valid
for the EHL regime were presented by introducing the lubricant
pressure-varying rheological models and characterising the
deformation models bringing non-linearities to the new unsteady
advection/diffusion Reynolds PDE;

three deformation models were introduced, i.e., a local spring
deformation model in the context of the lubricated spherical joint
allowing to solve the Reynolds equation with the iterative Newton
method, a FEM deformation model of the spherical joint defining
a dense compliance matrix that constrained to adopt a free
derivative iterative method to solve the Reynolds equation, a half-
space BEM deformation model referred to both 2D and 3D
rectangular tribo-systems which the resulting convolution was
addressed by the FFT, while the associated Reynolds equation
iterative solver was based on the nonlinear local Jacobi method.

Proceeding with the lubrication mode numerical characterization, the ML
regime was introduced:

basic concepts about the DCM simulations of both line-contact
and point-contact tribo-systems based on the variational principle
were described;

a fractal surface generator based on the extension of the Brownian
motion properties was assembled to take into account the
roughness in the gap between the conjugated surfaces;

the surfaces’ wear was included in the gap equation by the means
of the Archard wear model in order to consider the progressive
surface deterioration in the contact zone and to have a wear
volume estimator for the given tribological operating conditions;
the LCCs related to the DCM regime were adapted to the ML
regime in two ways, i.e., by the fluid/contact pressure splitting
referred to the spherical joint case in which the contact
deformation rises to avoid the surfaces’ interpenetration and by
the definition of a smooth transition function referred to the
rectangular tribo-system case that continuously imposes the null
gap equation in the contact zones and the Reynolds one
elsewhere.
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Consequently, the simulation results were presented in the framework of 4

cases:

the spherical Reynolds equation in the ML regime with the
splitting pressures method and equipped with the local spring
deformation model was solved for the hip joint supplied by gait
cycle loading and motion conditions coming from the
musculoskeletal inverse dynamics solver, obtaining reliable
results in terms of the implant wear volume with respect to in vitro
measurements and realising the main applicative objective of this
work, i.e., the coupling between the Multi-Body and the
tribological models;

the spherical Reynolds equation in the full-film EHL regime with
the developed FEM deformation model was solved for a given set
of ball-in-socket eccentricities and angular velocities, showing
results about the lubricant pressure/gap EHL shapes, shear
stresses, loads and viscous friction torques and verifying the
validity of the developed code by comparing the resulting
minimum film thickness with respect to the empirical Hamrock-
Dowson one (Hamrock and Dowson, 1976; Lubrecht, Venner and
Colin, 2009);

the rectangular Reynolds equation in the ML regime with the half-
space BEM deformation model was solved for a ball-on-plane
configuration with the smooth transition technique for a given set
of approach and sliding velocity, providing a reliable behaviour
in both the ML condition and the EHL one reached by increasing
the lubricant viscosity (also in this last case the minimum film
thickness was compared to the Hamrock-Dowson empirical
benchmark);

the same previous case was repeated in the case of a rough surface
obtained with the fractal generator on a sliding a plane, which
results were compared to the analogous DCM solution and
discussing the role of the lubricant presence with respect to the
variation of the RCA, the wear volume and others tribological
aspects.

Lastly, a numerical approach to simulate the transient full film 1D EHL
was proposed: it is based on the writing of unified system of equations
composed by the Reynolds equation, the gap equation and load balance
equation accounting for inertial effects.

The resulting DAE system, in which the transient effects are stimulated by
the squeeze term in the Reynolds equation and by the inertia in the load
balance equation while the gap equation acts as an algebraic constraint, was
spatially discretised by the means of the FDM for the fluid part (Reynolds)
and with the BEM for the solid part (deformation), so it is rewritten its state-
space form to obtain a singular ODE system.
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The above was numerically marched over time by the means of several
IRKs and DIRKs methods able to handle the DAE nature of the multi-physics
EHL problem, and a series of simulations was conducted:

e the model was firstly tested in the stationary case, obtaining an
optimal matching with respect to the associated DCM solution
and to the Hamrock-Dowson empirical central and minimum film
thickness (Dowson, 1967);

e the same above stationary results were obtained by the transient
simulation for constant loading and sliding time inputs, providing
a selection among the DIRK methods succeeding in the loop
convergence;

e the transient simulation was then conducted in the pure squeeze
conditions, for the harmonic sliding case and for the harmonic
load one, discussing the effects of the resulting transient waves
that, travelling along the meatus, drew the lubricant gap/pressure
shapes and govern the approach dynamics.

All the developed codes, in both the biomechanics and the tribology part
of this work, were based on several numerical and modelling strategies and
are in continuous deepening and evolution, so the proceedings of this studies
is strongly stimulating the author perspectives, which the main one is the
merging of the Multi-Body and the DAE solvers in the context of a global
simulator for the ML regime for both the rectangular and the spherical
geometries.

Finally, as reported in the related sections, the developed codes refer to the
author’s publications (Ruggiero and Sicilia, 2020b, 2020a, 2021a, 2021b,
2022a, 2022c, 2022b, 2024; Ruggiero, Sicilia and Affatato, 2020; Sicilia, De
Stefano and Ruggiero, 2024; Sicilia and Ruggiero, 2025, 2026).
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List of main symbols

Chapter 1 - Biomechanics
Reference frame
Time
Lagrangian coordinates vector
Rigid body translation vector (global position)
Rigid body orientation vector (unit quaternion)
Euler angles
Unit vector
Rotation angle
Skew matrix
Rotation matrix
Local position vector
Angular velocity vector
Hamiltonian product matrix
Quaternion conjugation matrix
Global position vector
Degrees of Freedom vector
Constraint equations
Mobility equations
Body equations
Position problem equations
Kinetic energy
Rigid body density
Rigid body volume
Rigid body mass
Rigid body inertia tensor
Rigid body mass matrix
Quadratic velocity generalised force vector
Constraint Jacobian
Lagrange multipliers
External force/torque vectors
Virtual work
Surface parameters
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Curvilinear coordinate

Surface explicit function

Geodesic curve

Tangent, normal and binormal unit vectors triplet
Actuation matrix

Muscles’ force vector

Tendon length

Muscle length, deformation velocity and pennation angle
Muscles’ activation vector

Chapter 2 - Tribology
Time
2D contact domain
Lubricant gap
Lubricant pressure
Lubricant viscosity
Surfaces’ entraining velocity vector
Surfaces’ sliding velocity vector
Geometrical undeformed gap
Surfaces’ rigid approach
Load applied to the surfaces
Lubricant flow and shear stress vectors
Friction force
Grid indices
Finite Difference vector/matrix operators
Spherical angles
Spherical tangent and radial unit vectors

Eccentricity vector

Angular velocity vector

Lubricant density

Surfaces’ normal deformation

Discretised Reynolds equation residual vector
Discretised Reynolds equation Jacobian

FEM nodal displacements

FEM strain vector

FEM stress vector

FEM compliance matrix

BEM convolution kernel

BEM compliance matrix

Discrete and Fast Fourier Transform

Hertzian contact half-width, approach and peak pressure
Normal distribution with given mean and variance



Brownian motion

Fractal roughness

Hurst exponent

Wear depth

Wear volume

Contact pressure

Mixed Lubrication transition function
Hamrock-Dowson minimum and central film thickness
Real Contact Area

Fluid, Solid and Load EHL functions

States vector

Source function vector

Source function Jacobian

Time index

Runge-Kutta coefficients, weights and nodes
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